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Abstract
We propose an active set algorithm to solve the convex quadratic programming (QP) problem which
is the core of the support vector machine (SVM) training. The underlying method is not new and is
based on the extensive practice of the Simplex method and its variants for convex quadratic prob-
lems. However, its application to large-scale SVM problems is new. Until recently the traditional
active set methods were considered impractical for large SVM problems. By adapting the methods
to the special structure of SVM problems we were able to produce an efficient implementation.
We conduct an extensive study of the behavior of our method and its variations on SVM problems.
We present computational results comparing our method with Joachims’ SVMl ight (see Joachims,
1999). The results show that our method has overall better performance on many SVM problems.
It seems to have a particularly strong advantage on more difficult problems. In addition this al-
gorithm has better theoretical properties and it naturally extends to the incremental mode. Since
the proposed method solves the standard SVM formulation, as does SVMl ight , the generalization
properties of these two approaches are identical and we do not discuss them in the paper.
Keywords: active set methods, support vector machines, quadratic programming

1. Introduction

In this paperwe introduceanactive setmethodto solve the following convex quadraticprogram-
ming(QP)optimizationproblemwhich is de�nedby theclassicsoftmargin SVM formulation(see,
for example,CristianiniandShawe-Taylor,2000).

max �
1
2

a
T
Qa � c

T
x

� Qa + by+ s� x = � e; (1)

0 � a � c; s � 0; x � 0;

wherea 2 Rn is the vector of the dual variables,b is the bias (scalar)and s and x are the n-
dimensionalvectorsof theslackandthesurplusvariables,respectively. y is a vectorof the labels,
� 1. Q is the labelencodedkernelmatrix, Qi j = yiyjK(xi;xj), e is thevectorof all 1's of lengthn
andc is thepenaltyvectorassociatedwith theerrors(in standardsoft margin SVMs thevectorc is
a productof vectore anda scalarpenaltyC, but herewe will allow for any nonnegative vectorc).
Thedualof thisproblemis

min
1
2

a
T
Qa � e

T
a
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s:t: y
T
a = 0; (2)

0 � a � c:

To con�rm thatproblem(1) is equivalentto thetraditionalsoftmargin SVM formulation

min
1
2

w
T
w+ c

T
x

s:t: yi(w
T
xi � b) � si + xi � 1; i = 1; : : : ;n (3)

s � 0; x � 0;

observe that (2) is the sameas the dual of (3) and from optimality conditionsof (3) and(2) we
have w = å n

i=1yia ixi. Substitutingthis expressionfor w to (3) anddenotingQi j = yiyja ia jx
T

i xj (or
Qi j = yiyja ia jK(xi;xj) in thekernelcase)weobtaintheconvex QPformulation(1), whichwewill
considerin thispaper. Hence,(1) andsoftmargin SVM enjoy thesamegeneralizationproperties.

Generalconvex QPsaretypically solvedby oneof the two approaches:interior point method
approachor active setmethod approach.If theHessianof anobjective function (matrix Q in the
caseof SVM) and/orthe constraintmatrix of the QP problemis large andsparsethenan interior
point methodis usuallythemethodof choice. If theproblemis of moderatesizebut thematrices
aredense,thenactive setmethodis preferable.In SVM problemstheQ matrix is typically dense.
Thus, large SVM problemspresenta challengefor both approaches.It wasshown by Fine and
Scheinberg (2001)andFerrisandMunson(2000)that for someclassesof SVMs, for which Q is
densebut low-rank,onecanadaptaninteriorpointmethodto work veryef�ciently . However, if the
rankof Q is high,anactivesetapproachseemsto remaintheonly mainalternative.

Oneof the most“traditional” active setmethodsin the optimizationliteratureis the Simplex
methodfor linearprogramming(LP) problems.TheSimplex methodis known to have very good
practicalperformance.The QP analogues,thoughnot asextensively testedin practice,arealso
consideredto be very ef�cient. Therearea few methodsbasedon the Simplex methodideafor
solving QP problems(seeFletcher,1971;Goldfarb,1972;Goldfarb andIdnani,1983). Many of
themaretheoreticallyequivalent,meaningthat they producethe samesequenceof iterations,but
they have differentnumericalproperties(suchasper-iterationcomplexity andnumericalstability).
In this paperwe derive an implementationtargetedto SVM problemsbasedon the framework
describedin Fletcher(1971),Goldfarb(1972)andNocedalandWright (1999).

Themainideaof thismethodin thecontext of SVM is to �x, ateachiteration,all variablesin the
currentdualactive set1 at their currentvalues(0 or c), andthento solve thereduceddualproblem.
After obtainingasolution- decidewhetherit is optimalfor theoveralldualproblem(sameasbeing
feasiblefor theoverall primal problem),or if any of thedualvariablesshouldbereleasedfrom the
activeset.

Whenappliedto SVM, this approachposesthe following problem: if the complementof the
dualactiveset(thesetof “free” variables)haslargecardinality, thensolvingtherestrictedsubprob-
lemsmay be too expensive, sinceQ is completelydense.Also determiningthe next variableto
leave theactive setmaybeexpensive for thesamereason.Therefore,updatingall “free” variables
atoncewasconsideredimpractical.

The mostcommonapproachto large SVM problemsis to usea restrictedactive setmethod,
suchaschunking(Boseretal., 1992)or decomposition(Osunaetal., 1997;Joachims,1999)where

1. Thedualactivesetis thesetof dualvariablesa whosevaluesareat their bound.
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ateachiterationonly asmallnumberof variablesareallowedto bevaried.Thesizeof such“chunk”
is determinedheuristicallyor is chosenby theuser. Therearea few skillfully implementedSVM
solversbasedon this typeof restrictedactive setmethods(Joachims,1999;Platt,1999).Themain
disadvantageof thesemethodsis thatthey tendto haveslow convergencewhengettingcloserto the
optimalsolution.Moreover, theirperformanceis sensitiveto thechangesin thechunksizeandthere
is nogoodwayof predictingagoodchoicefor thesizeof thechunksfor aparticularproblem.2

A full active setmethod,suchasthe onepresentedin this paper, avoids thesedisadvantages.
Themethoditself is not new (seeNocedalandWright, 1999).Our contribution is to adaptit to the
SVM framework andprovideanef�cient implementation.

First we notice that a supportvector that violatesthe margin constraint(that is the x surplus
variableis positive) correspondsto a variablea which is at its upperboundandthereforeis in the
dualactiveset.Thecomplementof thedualactivesetcontainsvariablesa thatarestrictly between
theupperandlower bounds.Suchvariablescorrespondonly to thesupportvectorsthatareexactly
on themargin (thatis boththecorrespondingslackandthesurplusvariablesarezero).Thecurrent
numberof suchsupportvectors,ns, is thesizeof thereducedQP(RQP).SolvingsuchRQPdirectly
(say, by anIPM method,asit is donein SVMlight) requiresat leastO(n3

s ) operations,which might
beprohibitively expensive if repeatedover andover again andif ns is relatively large. We do not
solve RQPdirectly, but only make onesteptoward its solutionat eachiteration. Moreover, the
activesetis incrementedonly by onevariableata time(eitheronevariableleaving, or oneentering
theactive set),hencewe canstoreandupdatea factorizationof thereducedmatrix Q. Eachupdate
takesO(n2

s ) operationsandsodoessolvingasystemof equationswith thereducedmatrixQ.
At eachsuchsteptoward the optimal solutionof the RQP, we either�nd that solutionor en-

countera boundon oneof the “free” variables.In the lattercasethis variableis includedinto the
activesetandtheprocessrepeats.

This processdoesnot alwaysproduceanoptimalsolutionto thesubproblem,but usuallypro-
ducesa goodapproximationof it. Typically this doesnot affect the overall numberof iterations
signi�cantly, whereasthereductionof theper-iterationcostis signi�cant.

TheRQPmaysometimeshave anin�nite solution,if reducedmatrix Q is singular. In this case
an in�nite descentdirection is computedanda stepis taken alongthis directionuntil oneof the
variableboundsis encountered.We provide the full treatmentof thevariouscasesfor solving the
RQPsubproblem.Weusetheapproachdescribedin Frangioni(1996).

If thesearchfor theoptimumof theRQPsubproblemis terminatedthenourmethoddetermines
whethertheprimal feasibility wasachievedandif not, which dualvariableshouldleave theactive
set.To do thatwe needto computea productof a submatrixof Q thatcorrespondsto thevariables
at their upperboundsandthe unit vectorof an appropriatelength. This canbe very expensive to
computeateachiteration,insteadoneshouldratherstoreandupdatetheresultof thismultiplication.
Anotheradvantageof using“one-variable-at-a-time”incrementsis in potentiallyreducingthecost
of suchupdates.

Themultipleupdatesto theactiveset,whichareusedin “chunking” and“decomposition”meth-
odscouldstill have anadvantageif theoverall numberof iterationsweresigni�cantly smallerthan
in thecaseof singleupdates.But asourcomputationalresultsindicatethis is not thecase.Weoffer
someintuition to supportthis claim. Assumethatyourdatacontains10 identicaldatapointswhich
at thecurrentiterationarethemostviolatedexamplesandwewould like to introducetheminto the

2. SeeSection12.1.1in Platt(1999)for asimilardiscussionwhichmotivatedPlatt'sSMO.EssentiallySMOis anactive
setmethodin which thechunksizeis �x edto bethesmallestpossible,namely2.
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next “chunk”. Introducingall 10atonceimplies10 timesmorework thanintroducingjustone.Yet
sincethey areidentical,introducingjust oneproducesthesameresultasintroducingall ten. Since
the training datais often somewhat repetitive (theremay not be identical points,but rathervery
similarpoints,for instance,in clustereddatasets)thisexampleis not too far fetched.

As thecomputationalresultsshow, ourmethodhasparticularadvantageoverSVMlight onprob-
lemswherethenumberof thesupportvectorsor thenumberof outliersis large(but notnecessarily
excessive, suchas� 1000out of 20000vectors).Our algorithmcurrentlyrequiresthe storageof
theCholesky factorsof thereducedmatrixQ, whichmight requireexcessiveamountof memoryfor
problemswherethenumberof unboundedsupportvectorsis very large.However, thisoftenmeans
thatthechosenkernelsuffersfrom over�tting thedata,sotheproblemis badlyposedin somesense,
unlesstheentiretestsetis very large,in whichcaseoneshouldconsideradifferentimplementation,
and,possibly, amorepowerful computer.

Themostexpensive stepof our algorithm(andof SVMlight , in fact) is pricing theprimal con-
straintsandchoosingthenext constraintto entertheactive set. We will comparetwo approaches.
Oneof theseapproachesis shrinking, which is usedby SVMlight , andtheotheris sprintwhich is an
industrystandardin advancedimplementationsof LP solvers(Bixby et al., 1992).We observe that
sprintappearsto work betterthanshrinkingondif�cult SVM problems.

The proposedmethodenjoys several theoreticaladvantagescomparedto the methodsbased
on chunking. First of all it convergesin a �nite numberof iterations(Fletcher,1971;Frangioni,
1996).In theworstcasethisnumbermightbeexponential,but it is hardlythecasein practice.The
methodis alsowell suitedfor analysisof varioussituations.For instance,in Balcazaret al. (2001)
a randomizedactive setalgorithmfor SVM is introducedandshown to have a quasi-linearaverage
complexity. Ouralgorithmcanbeeasilyadaptedto �t therandomizedframework of Balcazaretal.
(2001),hencesimilaraveragecaseresultsapply.

Recently, active setmethodsfor SVM similar to ourswereusedin CauwenberghsandPoggio
(2001)for incrementallearningandin Hastieet al. (2004)for generatingtheentireregularization
path.Theirmethods,unlikeours,requireprimalanddualfeasibility to besatis�edatevery iteration
andprogressby changingthe optimizationproblemitself (in a mannerdictatedby the respective
usesof theirmethods).However, many of theef�ciency issuesof thealgorithmsaresimilar, suchas
thepossiblesingularityof thereducedmatrix Q andef�cient updatesof its Cholesky factorization.
Thoughwe chooseto focus on one speci�c active set methodin this paper, we believe the the
experiencewepresentherewill beusefulfor otheractivesetmethodsfor SVM problems.Someof
theideaspresentedin thepaperto improve theef�ciency of theactive setmethodsfor SVMs were
alsosuggestedin Kaufman(1998).

Thepaperis organizedasfollows. In thenext sectionwe introducethedualactive setmethod
for the soft-margin SVM problemand describethe detailsof solving the reducedQP problem.
In Section3 we will presentthe resultsof comparingour methodto SVMlight on a selectionof
classi�cation problemsfrom the UCI repository(Blake and Merz, 1998). In Section4 we will
focusonvariousimplementationalissuesthatarisein theattemptto improvetheperformanceof the
method.In Subsection4.4 we applyour methodto the incrementalcase.Section5 containssome
conclusions.
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2. Dual Active Set Method for SVMs

Any optimalsolutionto problems(1) or (2) mustsatisfytheKarush-Kuhn-Tucker (KKT) necessary
andsuf�cient optimality conditions:

1 a isi = 0; i = 1; : : : ;n

2 (ci � a i)xi = 0; i = 1; : : : ;n

3 y
T
a = 0;

4 � Qa + by+ s� x = � e;

5 0 � a � c;

6 s � 0; x � 0:

Let us introducesomenotation.A primal-dualsolution(a;b;s;x) is calleddualbasicfeasible
if it satis�escondition1-5 of theKKT system,but mayviolatecondition6. For a givendualbasic
feasiblesolution,(a;b;s;x), we partitionthe index setI = f 1; : : : ;ng into threesetsI0, Ic andIs in
thefollowing way: 8i 2 I0 si � 0 anda i = 0, 8i 2 Ic xi � 0 anda i = ci and8i 2 Is si = xi = 0 and
0 < a i < ci. It is easyto seethatI0 [ Ic [ Is = I andI0 \ Ic = Ic \ Is = I0 \ Is = /0. We will referto Is

astheprimalactivesetandto I0 [ Ic asthedualactiveset. Let ns = jIsj, n0 = jI0j andnc = jI0j,
Basedon the partition (I0; Ic; Is) we de�ne Qss (Qcs Qsc Qcc, Q0s, Q00) asthe submatrixof Q

whosecolumnsarethecolumnsof Q indexedby thesetIs (Ic, Is, Ic, I0, I0) andwhoserows arethe
rowsof Q indexedby Is (Is, Ic, Ic, Is, I0). Wealsode�ne ys (yc, y0) andas (ac, a0) andthesubvectors
of y anda whoseentriesareindexedby Is (Ic, I0). cc is thepartof vectorc indexedby Ic andby e
wedenoteavectorof all oneswhosesizeis determinedby thecontext.

To initiate thealgorithmwe assumethatwe have a dualbasicfeasiblesolutiona0;b;s0;x0 and
thecorrespondingpartition(I0

0; Ic
0; Is

0). For examplesettinga0 = 0 andI0 = f 1; : : : ;ng producesa
startingpoint for thealgorithm.

We know that8i 2 I0 a i = 0 and8i 2 Ic a i = ci. Thenif we �x thevariablesin thedualactive
setthenourdualproblemreducesto

minas

1
2

a
T

s Qssas + c
T

c Qcsas � e
T
as

s:t: y
T

s as = � y
T

c cc;

0 � as � c:

Theoutlineof thealgorithmis thefollowing:

Step0 Givena0, b0, s0, x0 �nd initial Is, I0 andIc.

Step1 If Is = /0, go to Step2, otherwise:

(i) Solve

minas

1
2

a
T

s Qssas + c
T
Qcsas � e

T
as (4)

s:t: y
T

s as = � y
T

c cc:

If a �nite solution,a∗
s , exists,thensetd = a∗

s � as, otherwise�nd d - anin�nite descent
direction.
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(ii) From the currentiteratemake a stepalongdirectiond until for somei 2 Is a i = 0 or
a i = ci or until solutionis reached.ak+1

s is thenew point.

(iii) If for somei 2 Is, ak+1
i = 0,

thenupdateIs := Isnf ig, I0 := I0 [ f ig, k := k+ 1 andgo to thebeginningof Step1.

(iv) If for somei 2 Is, ak+1
i = ci,

thenupdateIs := Isnf ig, Ic := Ic [ f ig, k := k+ 1 andgo to thebeginningof Step1.

(v) If theoptimumis reachedin step(ii); thatis ak+1
s = a∗

s , proceedto Step2.

Step2 Partition I0 into I ′0 andI ′′0 andpartitionIc into I ′c andI ′′c

(i) Computes′0, thesubvectorof s indexedby I ′0:

s′0 = � Q′
0sa

k+1
s � y′0b+ 1� Q′

0ccc

andx′c, thesubvectorof x indexedby I ′c:

x′c = Q′
csa

k+1
s + y′cb � 1+ Q′

cccc;

whereQ′
0s andQ′

0c (Q′
cs andQ′

cc ) arethesubmatricesof Q0s andQ0c, respectively, (Qcs

andQcc, respectively ) with rows index by I0
′ (Ic

′).

(ii) Find i0 = argminif si : i 2 I0′g.
Find ic = argminif xi : i 2 Ic

′g.

(iii) If si0 � 0 andxic � 0 thenif I0′ 6= I0 or Ic
′ 6= Ic thenlet I0′ := I0 andIc

′ := Ic andgo to
Step2(i). Else,thecurrentsolutionis optimal,Exit .
If si0 � xic, thenIs := Is [ f i0g andI0 := I0nf i0g.
Else,Is := Is [ f icg andIc := Icnf icg.
k := k+ 1, go to Step1.

Wewill now discussin detailstheimplementationof thestepsof thealgorithm.

2.1 Solving the Quadratic Subproblem

Whenmatrix Qss is strictly positive de�nite thenproblem(4) hasa unique�nite solution. This
solutionsatis�estheKKT conditions:

� Qssas + y
T

s b = � e
T

+ c
T

c Qcsas

y
T

s as = � c
T

c yc;

or, in matrix form,
[

� Qss ys

y
T

s 0

](

as

b

)

=
(

� e+ Qsccc

� c
T

c yc

)

: (5)

Sincewe areconsideringthecasewhenQss is nonsingular, we can�nd b by taking theSchur
complementof theabovesystem

(y
T

s Q−1
ss ys)b = y

T
Q−1

ss (� e+ Qsccc) � c
T

c yc:
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ConsidertheCholesky factorizationQss = LsLs
T

anddenoteLs
−1ys by r1 andLs

−1(� e+ c
T

c Qcs)
by r2. Thenthesolutionto (5) is

b =
r

T

1r2 � c
T

c yc

rT

1r1
; as = L

� T

s (r1b � r2):

It is oftenthecase,however, thatQss is not strictly positive de�nite. This canevenoccurwhenan
RBF kernel(which is strictly positive de�nite for distinctdatapoints)is used,if thesetIs contains
indicesof two identicaldatapointswith differentlabels.

If, dueto singularityof Qss, system(5) is underdetermined,this meansthat problem(4) has
anunboundedsolution. In this caseStep1(i) shouldproducean in�nite descentdirectionfor (4).
A directiond is an in�nite directionif it satis�esQssd = 0 andy

T

s d = 0. Dependingon the sign
of (� e+ ce

T
Qcs)

T
d eitherd or � d is chosenasthe in�nite descentdirection. Variableb remains

unchangedin this case.We usethe approachfor positive semide�niteQP problemsdescribedin
Frangioni(1996)andKiwiel (1989).

Weconsiderseveralcases.

Case1

Let Qss have only one zero eigenvalue. Then, subjectto permutationand without loss of
generality, its Cholesky factorizationcanbewrittenas

Qss =
[

Ls 0
l

T

s 0

][

Ls
T

ls
0 0

]

;

whereLs 2 R(ns−1)×(ns−1) andLs 2 Rns−1. Thensystem(5) canbewrittenas




� LsLs
T

� Lsls y1:ns−1

� l
T

s Ls
T

� l
T

s ls yns

y1:ns−1 yns 0









a1:ns−1

ans

b



 =





(� e+ Qsccc)1:ns−1

(� e+ Qsccc)ns

� c
T

c yc



 ;

where,following Matlabnotation,y1:ns−1 (a1:ns−1, (� e+ Qsccc)1:ns−1) denotethe�rst ns � 1
elementsof vectory (a, (� e+ cQsce)) andyns (ans, (� e+ Qsccc)ns) denotesthelastcompo-
nentof this vector.

Let r1 = Ls
−1y1:ns−1 andr2 = Ls

−1(� e+ Qsccc)1:ns−1. By expressinga1:ns−1 in the above
systemthroughans andb, andby consecutively eliminatingans weobtain

(� l
T

s r1 + yns)b = (� e+ Qsccc)ns � l
T

s r2:

Wenow have two cases.

(a) If l
T

s r1 6= yns thensystem(5) still hasauniquesolution

b =
(� e+ Qsccc)ns � l

T

s r2

� l T
s r1 + yns

;

ans =
c

T

c yc + r
T

1r2 � br
T

1r1

� rT

1 ls + yns

as = L
� T

s (� lsans + r1b � r2):
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(b) If l
T

s r1+ yns = 0 thensystem(5) is singular, hencewearelookingfor anin�nite direction
d. ds = ((Ls

−1ls)
T
; � 1)

T
is sucha direction.It canbeeasilyshown thatQssds = 0 from

the form of the factorizationof Qss, andit canbeeasilyshown thaty
T

s ds = 0 from the
factthatl

T

s r1 + yns = 0.

Case2

Let usnow considerthecasewhenQss hasexactly two zeroeigenvalues.Then,againw.l.o.g.,
wecanwrite its Cholesky factorizationas

Qss =





Ls 0 0
l

T

s1
0 0

l
T

s2
0 0









Ls
T

ls1 ls2

0 0 0
0 0 0



 ;

whereLs 2 Rns−2×ns−2, ls1; ls2 2 Rns−2. The system(5) is alwaysunderdeterminedin this
case,henceanin�nite directionalwaysexists.Thereare,again, two possiblecases.

(a) If l
T

s2
r1 6= yns thenthefollowing direction

d = (Ls
� T

(ls1 � r ls2); � 1; r ); wherer =
yns−1 � l

T

s1
r1

yns � l T
s2

r1

is an in�nite direction. Qssd = 0 follows from the form of the Cholesky factorization
andy

T
d = 0 is alsoeasilyshown by substitution.

(b) If l
T

s2
r1 = yns then

d = (Ls
� T

ls2;0; � 1)

is anin�nite direction.Thiscasecanbeshown similarly to Case1(b).

Case3

Finally, let us considerthe casewhen Qss hasmore than two zero eigenvalues. First, we
observe thatthis casecanonly happenin theearlystageof thealgorithm.Whenever Qss has
morethanonezeroeigenvalue,thensystem(5) is underdeterminedandan in�nite direction
is foundduringStep1(i). Hence,duringStep1(ii) a boundaryis alwaysencountered.This
meansthat the set Is getsreducedby one elementand the numberof zero eigenvaluesof
Qss may only decreaseor remainthe same. Step1 repeatsuntil Qss hasat mostonezero
eigenvalue. Hence,the only way that Qss may have morethantwo zeroeigenvaluesis if a
startingsolutionwith suchQss matrix is givento thealgorithm.Suchcaseariseswhenawarm
startis usedto initiate thealgorithm,asdescribedin Subsection4.3, therefore,we consider
thiscasehere.Let k > 2 bethenumberof zeroeigenvaluesof Qss; asbeforewewrite,w.l.o.g.,
thefactorizationof Qss:

Qss =









Ls 0 0 0
l

T

s1
0 0 0

l
T

s2
0 0 0

Hs 0 0 0

















Ls
T

ls1 ls2 H
T

s
0 0 0 0
0 0 0 0
0 0 0 0









;
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whereLs 2 Rns−k×ns−k, ls1; ls2 2 Rns−k andHs 2 Rns−k×k−2. Wegeneratethein�nite direction
for the�rst ns � k+ 2 variablesexactly asit is donein Case2 andwe do not changethelast
k � 2 variables.During eachapplicationof Case3 of Step1 we reduceIs by oneelements
until Qss hasatmost1 nonzeroeigenvalue,andCase3 doesnotariseagain for thatproblem.

2.2 Rank-oneUpdatesto Qss

Oneachiterationof thealgorithmthesetIs candecreaseby oneelementonly and/orincreaseby one
elementonly. Hence,from eachiterationto thenext, Qss changesby anadditionand/ora deletion
of onerow andcolumn.Insteadof recomputingtheCholesky factorizationeachtime,whichwould
requireO(n3

s ) operations,it is moreef�cient to keeptheCholesky factorizationof Qss andupdateit
accordinglywhena row anda columnareaddedto or deletedfrom Qss. Eachsuchupdaterequires
only O(n2

s ) operations.Theseupdatescanbefoundin GolubandVanLoan(1996),but we present
themherefor completeness.

Incr easingIs. Assume�rst thatQss is nonsingularandQss = LsLs
T

is its Cholesky factorization.
Let qs 2 Rns+1 bethenew row (column)thatis addedto Qss. Asidefrom possiblenumerical
issues,which we discusslater, qs canbeaddedasthe last row andcolumnof Qss. Thenthe
Cholesky factorizationof thenew matrix is

[

Ls Ls
−1(qs)1:ns

0 (qs)2
ns+1 � (qs)

T

1:ns
Ls

� T
Ls

−1(qs)1:ns

]

;

where(qs)1:ns arethe�rst ns componentsof thevectorqs and(qs)ns+1 is its lastcomponent.
It is easyto seethatobtainingthenew factorizationrequiresO(n2

s ) operations.

If Qss is singular, thenfrom thediscussionin Case3 of theprevioussubsection,it canonly
have onenonzeroeigenvalue,sinceIs is increasedandhenceStep2 wasperformed.In this
casewepermutetherowsandcolumnsof Qss sothatthedependentcolumnandrow areat the
endof Qss andinsertedcolumnandrow areplacedin theonebeforelastpositions.Thethe
lasttwo rowsof Cholesky factorizationmayneedto beupdatedin asimilarmannerto above,
however the total work is still O(n2

s ). In casewhenQss is nonsingular, but nearlyso, it is
sometimesimportantfor numericalstability to usepivotingduringits Cholesky factorization
procedure(FineandScheinberg, 2001). In sucha caserefactorizationof several rows of Ls

might be requiredeven if only onerow andcolumnareaddedto Qss. However, we did not
encountersuchsituationsin ourcomputationalexperiments.

DecreasingIs. WhenIs is decreasedby oneelement,thena row anda columnareremovedfrom
Qss which correspondsto removing a row from theCholesky factorLs. If, say, k-th row was
removed from Ls thenit is no longer lower triangular. In fact it is nearly lower triangular,
except for the elementsin positions( j; j + 1) for j = k + 1; : : : ;ns � 1. To zeroout these
elementswe apply Givensrotations(Golub andVan Loan, 1996) to the new matrix Ls; in
otherwordswemultiply Ls on theright by orthogonalmatricesof theform















1 � � � 0 0 0
...

...
0 0 c � s 0
0 0 s c 0
0 � � � 0 0 1















:
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Eachsuchmatrix multiplication takesO(ns) operationsandzerosout oneoff-diagonalele-
ments,henceweneedO(ns � k) suchmultiplications,whichresultsin thetotalwork of O(n2

s )
to updatetheCholesky factorizationof Qss whenanelementsis removedfrom Is.

Remark 1 In Frangioni (1996)there are ef�cient updatesfor thevectors r1 andr2, that we
introducedin Subsection2.1.Thesevectorsareresultsofbacksolveswith theCholesky factors
of Qss andgivenright handsidevectors. In thecaseof Frangioni(1996)theright handside
vectors remainthesamethroughoutthealgorithmandonly theCholesky factors change. In
our casethis is true only for r1 but not for r2, which changeseach time the setIc changes.
Theseupdatescanalsoimprovetheef�ciency of thealgorithmwhenthesebacksolveshavea
noticeablecontribution to theoverall workloadof thealgorithms.Sincethis doesnot occur
veryfrequentlywedonotget into furtherdetailsin thispaper.

Remark 2 If ns is very large and is comparable to n then even storing and updatingthe
Cholesky factors of Qss becometoo expensivecompared to solvingtheentire problem. Our
methodis notpracticalonsuch problems.However, it is questionablewhethersuch problems
shouldever besolved,sincetheresultingclassi�ers is mostlikely over�tting thedataandits
generalizationpropertiesareexpectedto beverypoor. 3

Updating Ic Finally we discussa trivial but usefulupdatesto Qsccc, Q0ccc andQcccc whentheset
Ic is eitherincreasedor decreasedby oneelement.We maintainvectorQccc throughoutthe
algorithm,whenindex i is addedto Ic thena ci multiple of the i-th columnof Q is addedto
Qccc. If index i is removedfrom Ic, thensuchavectoris subtractedfrom Qccc.

3. Comparison to SVMl ight

In this sectionwe compareour implementationof the proposedalgorithm,which we call SVM-
QP, to SVMlight . SVM-QP currently is implementedin Fortran 77, althougha C++ version is
underdevelopment.SVM-QPis anopensourcesoftwareandis availablefrom thewww.coin-or.org
website. We useda high-endIBM RS/6000workstationin our experiments.We madethe same
amountof memoryavailableto bothmethods.Justasin SVMlight thesparsityof theexamplesis
exploitedby SVM-QPduringthekernelevaluations.Unlike SMO (Platt,1999)thereis no special
handlingfor thecaseof linearkernel.

Weusedthefollowing datasetsin ourexperiments:

� Letter-G: TheLetter ImageRecognitiondatasetfrom theUCI Repository(Blake andMerz,
1998)- A largenumberof black-and-whitecharacterimageswererandomlydistortedto pro-
ducea�le of 20,000uniquestimuli. Eachstimuluswasconvertedinto 16primitivenumerical
attributes(statisticalmomentsandedgecounts)which werethenscaledto �t into a rangeof
integervaluesfrom 0 through15. Weexaminedperformancesonanarbitrarybinaryclassi�-
cationproblemwhichwassetto separatetheletter“G” from all theotherletters.

3. Seefor exampleCristianini andShawe-Taylor (2000),Theorem4.25,for the generalizationpower of compression
schemes,andthediscussionright afterandin Chapter6.
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� OCR: USPS(United StatesPostalService)dataset of handwritten digits. This dataset
comprises7291trainingand2007testpatterns,representedas257dimensionalvectorswith
entriesbetween0 and255. T0(T9) standfor thebinaryclassi�cationproblemin which the
targetis thedigit 0(9) vis. theall theotherdigits.

� WebandAdult4 : We usedthetasksthatwascompiledby Plattandavailablefrom theSMO
homepage5

– Adult - Thegoal is to predictwhethera householdhasanincomegreaterthan$50000.
After discretizationof thecontinuousattributes,thereare123binaryfeatures,with � 14
non-zerosperexample.

– Web - A text classi�cationproblemwith binary representationbasedon 300 keyword
features.This representationis extremelysparse.On the averagethereareonly � 12
non-zerofeaturesperexample.

For bothproblemswe chosethetestcaseswith half of theoverall availableexample.We did
soto enableto completemany computationaltestsin a reasonableamountof time. We also
presenta tablewith theresultsof comparingonly theruntimeof SVM-QPandSVMlight on
thefull testsetsfor thesetwo problems.

� Abalone: The Abalonedataset from the UCI Repository(Blake andMerz, 1998). Since,
we were not interestedin evaluatinggeneralizationperformances,we fed the training al-
gorithm with increasingsubsetsup to the whole set (of size4177). The genderencoding
(male/female/infant)wasmappedinto f (1,0,0),(0,1,0),(0,0,1)g. Thendatawasscaledto lie in
the[-1,1] interval.

� Spam:This is anotherdatasetfrom theUCI Repository. It wascreatedby M. Hopkins,E.
Reeber, G. FormanandJ.Suermondtof Hewlett-PackardLabs.It contains4601examplesof
emailsroughly39%of whichareclassi�edasspam.Thereare57attributesfor eachexample,
mostof which representhow frequentlycertainwordsor charactersappearin theemail.

For eachdatasetwe useda selectionof kernelsandparametersto demonstratehow theperfor-
manceof themethodsis affectedby ns - thenumberof supportvectorsat themargin, andnc - the
numberof supportvectorsat theupperbound.For thesamereasonweusevariousvaluesof C. We
useRBF kernelwith parameters. We alsousethelinearkernelfor a Letter-G andSpamproblems
andpolynomialkernelof degree5 for the Abalonedataset. In the tablesof resultswe indicate
thekernelandthevalueof C in thenameof thetestcase.For instanceweb 100 10 standsfor the
webdatasetwith parameters = 100andC = 10. Nameletter lin 100standsfor theLetter-G set
with linearkernelandC = 100,�nally abalonep5 100standsfor theAbalonesetwith polynomial
kernelof degree5 andC = 100.

Weprovide two columnsof CPUtimesfor SVMlight . The�rst one,SVMlight , containsthetime
of therunswith defaultaccuracy 10−3. Thesecondcolumn,SVMlight

e containstheCPUtimeof the
runswith the accuracy setto 10−6 which is the accuracy of SVM-QP. Both algorithmsapply the
accuracy toleranceto theconstraints� Qa + by+ s� x = � e. Speci�cally, SVM-QPappliesagiven
toleranceeonStep2(iii) of thealgorithm(seeSection2) to determineif si0 � � eandxic � e.

4. Originaldatasetis from theUCI Repository(BlakeandMerz,1998).
5. http://www.research.microsoft.com/j̃platt/smo.html
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Name n k ns nc SVMlight SVMlight
e SVM-QP

web 100 100 24692 300 980 453 380 918 65
web 40 10 24692 300 1037 568 241 377 68
web 40 100 24692 300 1214 313 368 685 84
web 100 10 24692 300 679 835 203 358 40
letter 100 100 20000 16 241 39 19 26 3
letter 40 1 20000 16 250 266 6 7 5
letter 40 100 20000 16 346 8 11 16 4
letter 100 10 20000 16 193 146 10 15 4
letter 40 10 20000 16 320 57 8 10 4
letter lin 100 20000 16 17 1056 1052 1190 35
ocr9 256 100 7291 256 378 0 13 13 5
ocr0 256 100 7291 256 309 0 8 9 4
abalone4 100 4177 10 64 1863 135 198 5
abalonep5 100 4177 10 304 1520 - - 22
spam300 100 4601 57 1417 181 90 - 64
spamlin 100 4601 57 58 822 - - 11
adult 100 1 16100 123 97 5996 153 154 81
adult 100 100 16100 123 871 4823 515 856 175
adult 200 1 16100 123 168 5785 159 152 85
adult 200 100 16100 123 483 5219 332 447 140
adult 50 10 16100 123 615 5143 207 243 120

Table1: Performancecomparisonof SVM-QPandSVMlight .

We choseCPU time (in seconds)asthe mostreasonableperformancemeasurein our setting.
The“-” in thetableindicatesthefailureof SVMlight on thatproblem.

Table1 containstheresultsfor thetestproblemsthatwe examinein this paper. As we cansee,
SVM-QPis fasterthaneventhe lower accuracy SVMlight , on all of theproblems.It is fasterby at
leasta factorof 2 onalmostall of theproblemsandby a factorof 5 or moreona few problems.

In Table2 we presentthecomparisonof SVM-QPandSVMlight on the full testsetsfor adult
andweb. Theseresultswereobtainedby HansMittleman,atArizonaStateUniversityusingahigh-
endUnix workstation.The “*” in the last columnof the last row indicatesthat SVM-QP ran out
of memory, sinceit wastrying to storeanns � ns matrix,with ns � 10000.Thestoppingtolerance
wassetto be10−6 for bothcodes,but it is interestingto notethat theresultingsupportvectorsets
differedsigni�cantly. For example,thenumberof active supportvectorsfor web 10 100reported
by SVM-QPwas3446,while thesamenumberreportedby SVMlight was4025. This discrepancy
is dueto thefact thatSVMlight convergesto theoptimalactive setasymptotically, while SVM-QP
stepsfrom onefeasibleactivesetto anotherin an“exact” manner, until theoptimalis found.

4. Implementation Issues

Now wewill discusssomeimplementationchoices.
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Name n k ns nc SVMlight
e SVM-QP

web 1000100 49749 300 297 1702 694 92
web 100 100 49749 300 1404 905 3581 174
web 10 100 49749 300 3446 527 1354 715
adult 1000100 32561 123 143 11361 937 278
adult 100 100 32561 123 1317 9879 5685 460
adult 10 100 32561 123 9959 3200 14466 *

Table2: Performancecomparisonof SVM-QPandSVMlight on largedatasets.

4.1 Selectingthe Incoming Elementof Is

In this subsectionwe discussthe implementationof Step2(i). First of all we notethat thecompu-
tationalcostof Step2(i) dependson whetherthekernelvaluesareavailablein thememoryor have
to becomputed.We needO(jIsj(jI ′0j + jI ′cj)) kernelvaluesat eachiterationwhenStep2 is invoked.
Speci�cally weneedtheelementsof matrixQ whosecolumnindicesarein Is andwhoserow indices
arein I ′c andI ′0.

We notethatwe alwaysstorethens � ns matrix Qss. This canbea problemswhenns is large.
Our algorithmrequiresstorageof the Cholesky factorof Qss, henceeven if we do not storeQss

itself, the storagerequirementcanbe reducedat mostby half. In our experimentsthe sizeof Qss

andits Cholesky factorwasreasonable.For extremelylargeproblemsa differentimplementation
maybenecessarywhichsolvesthelinearsystemin Step1 by aniterativesolver.

To reducethe computationalcostit is bestto be ableto storethe entireQs matrix (that is the
submatrixof Q whosecolumnindicesarein Is). In somecasesthismightbeprohibitively expensive
in termsof memory. In ourexperimentswewereableto storeQs in thespacenotexceeding400MB.
At theendof this subsectionwewill discussthememorysaving versionof ourcode.

Let usassumefor now thatmatrix Qs is available. We will considervariouswaysof reducing
the numberof elementsin I ′0 and I ′c at eachrepetitionof Step2(i). Onesimple way to achieve
this is to computethe elementsof s′0 andx′c until a negative elementis encountered,hence,not
looking for themaximumviolation, but for any violation. This mayreducetheper-iterationtime,
but greatlyincreasesthe numberof iterations,ashasbeenshown by the extensive practiceof the
Simplex methodin linearprogramming(Vanderbei,2001).We will demonstratethis in thesection
on the incrementalmode,sincethe incrementalmodelackstheability to “look ahead”andselect
the maximumviolatedconstraint.We concludethat it is importantto selectthe mostnegative or
nearlythemostnegativeelementof s′0 andx′c duringStep2.

Weusethefollowing concepts,commonin LP literature.Theprimalslackandsurplusvariables
si andxi arethereducedcostsof theassociateddualvariablea i, whosevalueis currentlyatabound.
Computingthevaluesof thereducedcosts(recallthatfor eachi only oneof thereducedcostsis not
equalto zero)is calledpricing of the appropriatedual variable. Henceit is importantto price all
variableswith indicesin I0′ andIc

′ andmaintainthesesetsin sucha way that they containindices
of substantiallynegative reducedcosts.

The ef�ciency of the large-scaleSVM training relies heavily on the fact that at the optimal
solutionthecardinalityof Is is oftenmuchsmallerthanthetotalnumberof datapointsn. Hence,the
cardinalitiesof I0 and,possibly, Ic areexpectedto belargein comparisonto Is. If in Step2(i) I0′ and
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Ic
′ arelarge,while Is is not verysmall,thenthecomplexity of this step,which is O(jIsj(jI ′0j + jI ′cj)) ,

mightbecometoohigh.

Let us assumefor a momentthat we know someof the indicesthat at optimality belongto Ic

andI0. Thenwe canplacetheseindicesin I ′′0 andI ′′c at the beginning of eachStep2. This can
result in substantialsavings in the run time, sinceStep2(i) requiresO(jIsj(jI ′0j + jI ′cj)) operations
andjI ′0j = jI0j � jI0′′j andjI ′cj = jIcj � jIc

′′j. Whenall the reducedcostsof variableswhoseindices
arein I0′ andIc

′ arenonnegative, thensoarethereducedcostsof variableswhoseindicesarein I0
′′

andIc
′′, dueto ourassumptionaboutthesetwo subsets.

Naturally, we usuallydo not know which indiceswill be in I0 andIc at optimality, however,
to reducetheworkloadat eachiterationwe try to guesswhich indicesarethemostlikely onesto
endup in I0 and Ic at optimality. We placesuchindicesin I0

′′ and Ic
′′ sets,respectively. If we

guesswell, thenafterall thereducedcostsfor I0
′ andIc

′ becomenonnegative,hopefully, only a few
reducedcostsfor I0′′ andIc

′′ arenegative. Hereweseeatrade-off: if weselectI0
′′ andIc

′′ toosmall,
thenthecomputationalsaving is insigni�cant, andif we selectI0

′′ andIc
′′ too large, thensomeof

largenegative reducedcostsmight bemissedandtheoverall numberof iterationsmight increase.
Moreover, onceall thedualvariableswith indicesin I0

′ andIc
′ arepriced,thenwe have to priceall

variableswith indicesin I0′′ andIc
′′, whicharelarge.Soit is importantto chooseI0

′′ andIc
′′ in such

away thatpricing thevariablesin I0
′′ andIc

′′ doesnotoccurtoomany times.

We will describetwo possiblestrategiesfor maintainingsetsI0
′, Ic

′, I0′′ andIc
′′. Onestrategy

is very simpleand is calledshrinking in SVM literature(Joachims,1999). At eachiterationan
index is placedin I0′′ or Ic

′′ if its appropriatereducedcostremainednonnegative for agivennumber
of consecutive iterations(say100). Accordingto this strategy the setsI0

′ andIc
′ arelarge during

theearlieriterationsandbecomegraduallysmallerduringthecourseof thealgorithm.This nicely
correlateswith thefactthatthesizeof Is is verysmallin theearlieriterationsIs getsgraduallylarger
during the courseof the algorithm. It is often the casethat maximumof jIsj(jI ′0j + jI ′cj) over all
iterationis 3 or 4 timessmallerthanmaxfj Isjg � maxf (jI ′0j + jI ′cj)g. At theendonestill hasto price
all thedualvariablesfor I0′′ andIc

′′, but only a few of suchiterationsareusuallyneeded.

The secondstrategy is calledsprint in Linear Programmingliteratureandwasintroducedby
Forrest(1989).Sprint(sometimesalsocalledsifting) hasbeenprovento beveryeffectivein practice
for problemsthatcontainlargenumberof inactiveconstraints(seeBixby etal.,1992).Following the
sprintstrategy we selecta relatively smallsubsetof dualvariableswith thesmallest(includingthe
mostnegative) reducedcostsandwe form I0

′ andIc
′ from theindicesof thosevariables.Oncethe

problemswassolvedfor I0′ andIc
′ theremainingconstraintsarepricedagainandthenext relatively

small setsof candidatesareselected.Pricing all remainingvariablesandchoosingthe next small
subsetis calleda major iteration. Accordingto this strategy I0

′ andIc
′ arealwayskeptsmall,but

thesetsI0′′ andIc
′′ haveto beconsideredregularly throughoutthealgorithm.As longastheratioof

majoriterationsto thenumberof “cheap”iterationsis small,theimplementationwill beef�cient.

Table3 below showsthatsprintoutperformsshrinkingin mostcases,especiallyon larger, more
dif�cult problems.

4.2 Memory Saving Version

We now discussthe memorysaving version. SVMlight hasan elegant scheme,wherethe kernel
valuesarestoredin cacheaccordingto theirmostrecentusage.Thesizeof thecacheis dictatedby
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Name n k ns nc SVM-QPshr SVM-QP
web 100 100 24692 300 980 453 537 65
web 40 10 24692 300 1037 568 281 68
web 40 100 24692 300 1214 313 416 84
web 100 10 24692 300 679 835 124 40
letter 100 100 20000 16 241 39 6 3
letter 40 1 20000 16 250 266 6 5
letter 40 100 20000 16 346 8 7 4
letter 100 10 20000 16 193 146 6 4
letter 40 10 20000 16 320 57 7 4
letter lin 100 20000 16 17 1056 20 35
ocr9 256 100 7291 256 378 0 7 5
ocr0 256 100 7291 256 309 0 6 4
abalone4 100 4177 10 64 1863 4 5
abalonep5 100 4177 10 304 1520 31 22
spam300 100 4601 57 1417 181 80 64
spamlin 100 4601 57 58 822 15 11
adult 100 1 16100 123 97 5996 89 81
adult 100 100 16100 123 871 4823 253 175
adult 200 1 16100 123 168 5785 95 85
adult 200 100 16100 123 483 5219 107 140
adult 50 10 16100 123 615 5143 120 120

Table3: Sprintvs. Shrinking.
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Name n k ns nc SVM-QP SVM-QPmem SVMlight
mem

web 100 100 24692 300 980 453 65 428 1097
web 40 10 24692 300 1037 568 68 447 553
web 40 100 24692 300 1214 313 84 524 1201
web 100 10 24692 300 679 835 40 230 348
letter 100 100 20000 16 241 39 3 14 26
letter 40 1 20000 16 250 266 5 17 9
letter 40 100 20000 16 346 8 4 17 15
letter 100 10 20000 16 193 146 4 14 14
letter 40 10 20000 16 320 57 4 20 11
letter lin 100 20000 16 17 1056 35 72 1052
ocr9 256 100 7291 256 378 0 5 24 13
ocr0 256 100 7291 256 309 0 4 13 9
abalone4 100 4177 10 64 1863 5 13 78
abalonep5 100 4177 10 304 1520 22 44 -
adult 100 1 16100 123 97 5996 81 171 228
adult 100 100 16100 123 871 4823 175 624 1541
adult 200 1 16100 123 168 5785 85 174 253
adult 200 100 16100 123 483 5219 140 173 1360
adult 50 10 16100 123 615 5143 120 355 593

Table4: Comparisonfor memorysaving mode.

theuser. In theexperimentsdiscussedabove we allowedthesizeof thecacheto be500MB,which
is at leastasmuchmemoryaswasusedby SVM-QP.

We did not implementsuchsophisticatedmemoryhandlingmechanismin our code. Luckily
sprint providesa naturalsettingfor a memorysaving mode. Insteadof storingthe whole Qs we
only storetheelementsof Q whosecolumnsarein Is andwhoserows arein Is [ I ′0 [ I ′c. Thesize
of I ′0 [ I ′c canberegulatedaccordingto theavailablestoragespace.At eachmajor iterationall the
elementsof Qs whoserow indicesarein I ′′0 [ I ′′c have to berecomputed.This canbea costlystep.
To further try to reducethecomputationalcostof thatstep,we applyshrinkingto I ′′0 [ I ′′c . That is,
if duringa few consecutive major iterationsa certainreducedcostremainednonnegative thenthe
appropriatevariableis removedfrom I ′′0 [ I ′′c andis ignoreduntil thelaterstageof thealgorithm.In
Table4 below wepresentour results.Wechosethesizeof I ′0 andI ′c to be50each,thisway thetotal
storagefor theelementsof Qs (includingQss) did not exceed20MB. We compareour CPUtime to
thatof SVMlight with 20MB of cachelimit. We alsolist theCPUtimesfor theversionof SVM-QP
thatstoresthefull Qs, to demonstratethetrade-off betweentheCPUtimeandmemoryrequirement.

4.3 Warm Start

Oneof thesigni�cant advantagesof theactive setmethodsover the interior point methodsis that
theformercanbene�t very well from warmstarts.For instance,if someadditionallabeledtraining
databecomeavailable,theold optimalsolutionis usedasastartingpoint for theactivesetalgorithm
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andthenew optimalsolutionis typically obtainedwithin a few iterations.This will beexploredin
moredetail in thesubsectionon theincrementalmodeof ouralgorithm.

Anothersituationwherewarm startarises,is whenonewantsto explore the pathof optimal
solutionsfor variousvaluesof penaltyparameterC. In Hastieet al. (2004)thewholesolutionpath
is generatedusingan active setmethodsimilar to ours. Theresomedifferencesbetweenthe two
methods,however. Themethodin Hastieet al. (2004)is a parametricactive setmethod,which in
practiceis usuallyslower thana purelyprimal or dualactive setmethod,suchasours. Also their
methodrequiresthatateachiterationanoptimalsolutionof aparametricproblemis available,hence
theredoesnot seemto beany possibility to usesprint or shrinking. It remainsto beseenwhether
a goodimplementationof the algorithmin Hastieet al. (2004)canmatchthe performanceof our
algorithm.

Our algorithmis not suitabledirectly for generatingthe entireparametricpath,but usingthe
warmstartsonecaneasilyuseit to generatesolutionsfor aselectionof thevaluesof parameterC.

Thewarmstartscanalsobeusedwhenonewantsto exploredifferentvaluesof kernelparame-
ters,but theef�ciency of suchapplicationneedsaseparatecomputationalstudy.

Hereweinvestigatetheuseof warmstartto increasetheef�ciency of thealgorithmitself. It has
beennoticed(see,for example,FineandScheinberg,2001)thatfor many SVM problemsthematrix
Q haseigenvaluesdecayingto zero. It wassuggestedin FineandScheinberg (2001)to usea low
rank approximationof Q andsolve the approximateproblemwith an interior point methodusing
productform Cholesky factorizations,whichbene�t from thelow rankof Q. Suchapproximations,
however, are not always very accurate. The idea we explore here is to usethe solution of the
approximateproblemto warmstarttheactivesetmethod.

If k is therankof theapproximationof Q, thenper iterationcomplexity of theIPM is O(nk2).
Thereis a trade-off in choosingtheright valuefor k: if k is chosento betoo large,thentheIPM will
notbeef�cient andif k is toosmallthenthesolutionproducedby theIPM is toofarfrom theoptimal
solutionof thetrueproblem.Wechosek = 50,which is reasonablysmallto make theIPM partfast
andsuf�ciently large to hopefor a goodwarmstart. Theresultsin Table5 arenot asdramaticas
onemight hope. Often theactive setmethoditself is so fastthat it outperformsthe IPM even for
k = 50, for instanceon letter x x problems.In othercasestheapproximationdoesnot producea
goodenoughwarmstart.TherealsocaseswhereQ itself hasvery low rankand,hence,theproblem
canbe solved to optimality just by the IPM; seeletter lin 100, for instance.Thereareexamples
however, wherethecombinedmethodachievesbettertiming resultsthaneithermethod,whenused
separately. Thisseemto happenfor theproblemswith relatively largeIc sets,suchastheadult x x
problems.We have to notethatwe areusinga rathercrudeimplementationof the IPM for SVM.
Onemightachievebetterresultswith amoreef�cient implementationof anIPM.

4.4 Incr ementalMode

Incrementalmodeis usedwhenthetrainingdatais availableonepoint (or a few points)at a time.
Our algorithmappliesnaturallyandalmostwithout changeto the incrementalmode. Whenever
moredatapointsbecomeavailable,their indicesgetplacedin setI0, thenStep2(i) is appliedto price
thecorrespondingvariables,andif a negative reducedcostis found,thenthealgorithmproceedsin
theusualmanner. Theonly differencewith thebatchcase(whenall datais availableatonce)is that
thepricing is Step2(i) cannotbeappliedto thedatathatis notavailableyet. Hence,theconstraints
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Name n k ns nc SVM-QPp SVM-QP
web 100 100 24692 300 980 453 113 65
web 40 10 24692 300 1037 568 112 68
web 40 100 24692 300 1214 313 142 84
web 100 10 24692 300 679 835 82 40
letter 100 100 20000 16 241 39 36 3
letter 40 1 20000 16 250 266 38 5
letter 40 100 20000 16 346 8 49 4
letter 100 10 20000 16 193 146 33 4
letter 40 10 20000 16 320 57 44 4
letter lin 100 20000 16 17 1056 7 35
ocr9 256 100 7291 256 378 0 21 5
ocr0 256 100 7291 256 309 0 15 4
abalone4 100 4177 10 64 1863 5 5
abalonep5 100 4177 10 304 1520 10 22
spam300 100 4601 58 1417 181 40 64
spamlin 100 4601 58 58 822 9 11
adult 100 1 16100 123 97 5996 66 81
adult 100 100 16100 123 871 4823 125 175
adult 200 1 16100 123 168 5785 68 85
adult 200 100 16100 123 483 5219 92 140
adult 50 10 16100 123 615 5143 95 120

Table5: WarmstartingSVM-QPby anIPM.
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Name n k ns nc SVM-QP SVM-QPinc

web 100 100 24692 300 980 453 65 1388
web 40 10 24692 300 1037 568 68 1017
web 40 100 24692 300 1214 313 84 1190
web 100 10 24692 300 679 835 40 1101
letter 100 100 20000 16 241 39 3 24
letter 40 1 20000 16 250 266 5 37
letter 40 100 20000 16 346 8 4 34
letter 100 10 20000 16 193 146 4 24
letter 40 10 20000 16 320 57 4 39
letter lin 100 20000 16 17 1056 35 43
ocr9 256 100 7291 256 378 0 5 27
ocr0 256 100 7291 256 309 0 4 16
abalone4 100 4177 10 64 1863 5 13
abalonep5 100 4177 10 304 1520 22 137
spam300 100 4601 58 1417 181 64 414
spamlin 100 4601 58 58 822 11 647
adult 100 1 16100 123 97 5996 81 372
adult 100 100 16100 123 871 4823 175 5882
adult 200 1 16100 123 168 5785 85 330
adult 200 100 16100 123 483 5219 140 1819
adult 50 10 16100 123 615 5143 120 2274

Table6: Incrementalmode.

with suf�ciently negative reducedcostsarenot included,until their datapointsareaddedto the
problem.As weshow in Table6, this resultsin adramaticincreaseof CPUtime.

Notice,thatthesifting doesnotmakesensein theincrementalmode,sinceit selectsthesetsI0
′

andIc
′ basedon theentiredataset.However, shrinkingcanbeeasilyapplied,sinceits selectionof

I0′ andIc
′ is only basedon thepastbehavior of eachindividual constraint.

5. Concluding Remarks

Traditionalactive setmethodsfor convex QPswereconsideredimpracticalfor large-scaleSVM
problems. However, they have theoreticalappealfor many reasons.In this paperwe studiedin
detailsanactive setmethodSVM andshow thatanef�cient implementationcanoutperformother
state-of-the-artSVM software.

Furturedirectionof this work lies in a morecomprehensive theoreticalanalysisof thebehavior
andcomplexity of themethodfor SVM problems.
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