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Abstract

We propose an active set algorithm to solve the convex quadratic programming (QP) problem which
is the core of the support vector machine (SVM) training. The underlying method is not new and is
based on the extensive practice of the Simplex method and its variants for convex quadratic prob-
lems. However, its application to large-scale SVM problems is new. Until recently the traditional
active set methods were considered impractical for large SVM problems. By adapting the methods
to the special structure of SVM problems we were able to produce an efficient implementation.
We conduct an extensive study of the behavior of our method and its variations on SVM problems.
We present computational results comparing our method with Joachims® SVM'9 (see Joachims,
1999). The results show that our method has overall better performance on many SVM problems.
It seems to have a particularly strong advantage on more difficult problems. In addition this al-
gorithm has better theoretical properties and it naturally extends to the incremental mode. Since
the proposed method solves the standard SVM formulation, as does SVM'9 | the generalization
properties of these two approaches are identical and we do not discuss them in the paper.
Keywords: active set methods, support vector machines, quadratic programming

1. Introduction

In this paperwe introducean active setmethodto solve the following corvex quadraticprogram-
ming (QP)optimizationproblemwhichis de ned by the classicsoft maigin SVM formulation(see,
for example,CristianiniandShave-Taylor, 2000).

max %aTQa c x
Qa+by+ts x= ¢ 1)

0 a c¢s 0Ox 0

wherea 2 R" is the vector of the dual variables,b is the bias (scalar)and s and x are the n-
dimensionalectorsof the slackandthe surplusvariables respectiely. y is a vectorof the labels,

1. Qis thelabelencodedkernelmatrix, Qi; = yiy;jK(x;X;), e is thevectorof all 1's of lengthn
andc is the penaltyvectorassociatedvith the errors(in standardsoft maigin SVMs the vectorc is
a productof vectore anda scalarpenaltyC, but herewe will allow for any nonneative vectorc).
Thedualof this problemis

. 1
min EaTQa ea
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st ya=0; (2)

To con rm thatproblem(1) is equivalentto thetraditionalsoft maigin SVM formulation
. 1 T T
min oW W+ C X

st yi(WTxi b) s+xi 1, i=1:::;n 3)
s Ox O

obsere that (2) is the sameasthe dual of (3) andfrom optimality conditionsof (3) and (2) we
havew= &, yiaix. Substitutingthis expressiorfor w to (3) anddenotingQ;; = yiyjaiajxiij (or
Qij = yiyjaiajK(x;X;) in thekernelcase)we obtainthe corvex QP formulation(1), which we will
considetin this paper Hence (1) andsoft maigin SVM enjoy the samegeneralizatiomproperties

Generalcorvex QPsaretypically solved by one of the two approachesinterior point method
approactor active setmethod approach.If the Hessianof an objective function (matrix Q in the
caseof SVM) and/orthe constraintmatrix of the QP problemis large andsparsehenan interior
point methodis usuallythe methodof choice. If the problemis of moderatesize but the matrices
aredensethenactive setmethodis preferable.ln SVM problemsthe Q matrix is typically dense.
Thus, large SVM problemspresenta challengefor both approaches.it wasshavn by Fine and
Scheinbgy (2001)and Ferrisand Munson(2000)that for someclassesf SVMs, for which Q is
densebut low-rank,onecanadaptaninterior point methodto work very ef ciently . However, if the
rankof Q is high, anactive setapproaclseemso remainthe only mainalternatve.

Oneof the most“traditional” actve setmethodsin the optimizationliteratureis the Simplex
methodfor linear programming(LP) problems.The Simplex methodis known to have very good
practicalperformance.The QP analoguesthoughnot as extensiely testedin practice,are also
consideredo be very efcient. Thereare a few methodsbasedon the Simplex methodidea for
solving QP problems(seeFletcher,1971; Goldfarb, 1972; Goldfarb and Idnani, 1983). Many of
themaretheoreticallyequivalent, meaningthat they producethe samesequencef iterations,but
they have differentnumericalpropertieqsuchasperiterationcompleity andnumericalstability).
In this paperwe derive an implementationtargetedto SVM problemsbasedon the frameavork
describedn Fletcher(1971),Goldfarb (1972)andNocedalandWright (1999).

Themainideaof thismethodn thecontext of SVM isto X, ateachiteration,all variablesn the
currentdualactive set attheir currentvalues(0 or ¢), andthento solve the reduceddual problem.
After obtaininga solution- decidewhetherit is optimalfor the overall dualproblem(sameasbeing
feasiblefor the overall primal problem),or if ary of the dualvariablesshouldbereleasedrom the
actie set.

Whenappliedto SVM, this approachposesthe following problem: if the complemenbof the
dualactive set(the setof “free” variableskhaslarge cardinality thensolvingtherestrictedsubprob-
lems may be too expensve, sinceQ is completelydense. Also determiningthe next variableto
leave the active setmay be expensve for the samereason.Thereforeupdatingall “free” variables
atoncewasconsideredmpractical.

The mostcommonapproachto large SVM problemsis to usea restrictedactive setmethod,
suchaschunking(Boseretal., 1992)or decompositior{fOsunaetal., 1997;Joachims1999)where

1. Thedualactive setis the setof dualvariablesa whosevaluesareattheir bound.
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ateachiterationonly asmallnumberof variablesareallowedto bevaried. Thesizeof such“chunk”

is determinecdheuristicallyor is choserby the user Therearea few skillfully implementedSVM

solversbasedn this type of restrictedactive setmethodgJoachims1999;Platt, 1999). The main
disadwantageof thesemethodss thatthey tendto have slow cornvergencewhengettingcloserto the
optimalsolution.Moreover, their performances sensitve to thechangesn thechunksizeandthere
is no goodway of predictinga goodchoicefor the sizeof the chunksfor a particularproblem?

A full active setmethod,suchasthe one presentedn this paper avoids thesedisadwantages.
Themethoditself is not new (seeNocedalandWright, 1999). Our contrikution is to adaptit to the
SVM framework andprovide anef cient implementation.

First we notice that a supportvectorthat violatesthe maigin constraint(that is the x surplus
variableis positive) correspondso a variablea whichis atits upperboundandthereforeis in the
dualactive set. Thecomplemenbf the dualactive setcontainsvariablesa thatarestrictly between
theupperandlower bounds.Suchvariablescorresponanly to the supportvectorsthatareexactly
onthemamin (thatis boththe correspondinglackandthe surplusvariablesarezero). The current
numberof suchsupportvectorsns, is thesizeof thereducedQP (RQP).SolvingsuchRQPdirectly
(say by anIPM method asit is donein SVM''9") requiresat leastO(n3) operationsywhich might
be prohibitively expensve if repeatedver andover again andif ng is relatively large. We do not
solve RQP directly, but only make one steptoward its solution at eachiteration. Moreover, the
active setis incrementeanly by onevariableat atime (eitheronevariableleaving, or oneentering
the active set),hencewe canstoreandupdatea factorizationof thereducedmatrix Q. Eachupdate
takesO(n2) operationsandsodoessolvinga systemof equationswith the reducedmatrix Q.

At eachsuchsteptoward the optimal solution of the RQR we either nd thatsolutionor en-
countera boundon oneof the “free” variables.In the latter casethis variableis includedinto the
active setandthe procesgepeats.

This procesgloesnot always producean optimal solutionto the subproblemput usually pro-
ducesa goodapproximationof it. Typically this doesnot affect the overall numberof iterations
signi cantly, whereaghereductionof the periterationcostis signi cant.

The RQPmaysometime$ave anin nite solution,if reducedmatrix Q is singular In this case
anin nite descentdirectionis computedanda stepis taken alongthis direction until one of the
variableboundsis encounteredWe provide the full treatmenbf the variouscasedor solvingthe
RQPsubproblemWe usethe approachdescribedn Frangioni(1996).

If thesearchor theoptimumof theRQPsubproblenis terminatedhenour methoddetermines
whetherthe primal feasibility wasachieved andif not, which dualvariableshouldleave the active
set. To do thatwe needto computea productof a submatrixof Q thatcorrespondso the variables
at their upperboundsandthe unit vectorof an appropriatdength. This canbe very expensve to
computeateachiteration,insteadoneshouldratherstoreandupdatetheresultof thismultiplication.
Anotheradwantageof using“one-variable-at-a-timefincrementss in potentiallyreducingthe cost
of suchupdates.

Themultiple updatedo theactive set,whichareusedn “chunking” and“decomposition’meth-
odscouldstill have anadwantagdf the overall numberof iterationsweresigni cantly smallerthan
in the caseof singleupdatesBut asour computationatesultsindicatethis is notthe case We offer
someintuition to supportthis claim. Assumethatyour datacontainsl0 identicaldatapointswhich
atthecurrentiterationarethemostviolatedexamplesandwe would lik e to introducetheminto the

2. SeeSection12.1.1in Platt(1999)for asimilar discussiorwhich motivatedPlatt's SMO. EssentialySMO s anactive
setmethodin which the chunksizeis x edto bethesmallesipossible namely2.
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next “chunk”. Introducingall 10 atonceimplies 10 timesmorework thanintroducingjustone. Yet
sincethey areidentical,introducingjust oneproduceghe sameresultasintroducingall ten. Since
the training datais often somevhat repetitive (theremay not be identical points, but rathervery
similar points,for instancejn clustereddatasets)this exampleis nottoo far fetched.

As the computationatesultsshav, our methodhasparticularadvantageover SVM''9™ on prob-
lemswherethe numberof the supportvectorsor thenumberof outliersis large (but not necessarily
excessve, suchas 1000out of 20000vectors). Our algorithmcurrentlyrequiresthe storageof
theCholesly factorsof thereducedmatrix Q, which mightrequireexcessve amountof memoryfor
problemswherethe numberof unboundedupportvectorsis very large. However, this oftenmeans
thatthechoserkernelsuffersfrom over tting thedata,sothe problemis badlyposedn somesense,
unlesgheentiretestsetis verylarge,in which caseoneshouldconsider differentimplementation,
and,possibly amorepowerful computer

The mostexpensie stepof our algorithm (andof SVM''9" | in fact)is pricing the primal con-
straintsandchoosingthe next constraintto enterthe active set. We will comparewo approaches.
Oneof theseapproaches shrinking whichis usedby SVM''9  andthe otheris sprintwhichis an
industrystandardn advancedmplementationsf LP solvers(Bixby etal., 1992).We obsene that
sprintappeardo work betterthanshrinkingon dif cult SVM problems.

The proposedmethodenjoys several theoreticaladvantagescomparedo the methodsbased
on chunking First of all it corvergesin a nite numberof iterations(Fletcher,1971; Frangioni,
1996).In theworstcasethis numbemight beexponential but it is hardlythe casen practice.The
methodis alsowell suitedfor analysisof varioussituations.For instancejn Balcazaretal. (2001)
arandomizedactive setalgorithmfor SVM is introducedandshowvn to have a quasi-lineaaverage
compl«ity. Ouralgorithmcanbeeasilyadaptedo t therandomizedramawork of Balcazaretal.
(2001),hencesimilar averagecaseresultsapply.

Recently active setmethodsfor SVM similar to ourswereusedin CauwenbeghsandPoggio
(2001)for incrementalearningandin Hastieet al. (2004)for generatinghe entireregularization
path. Theirmethodsunlike ours,requireprimalanddualfeasibility to besatis edateveryiteration
andprogressby changingthe optimizationproblemitself (in a mannerdictatedby the respectie
usesof theirmethods) However, mary of theef ciency issuef thealgorithmsaresimilar, suchas
the possiblesingularityof the reducedmatrix Q andef cient updatesof its Cholesly factorization.
Thoughwe chooseto focus on one speci ¢ active set methodin this paper we believe the the
experiencewe presentierewill be usefulfor otheractive setmethodgor SVM problems.Someof
theideaspresentedn the paperto improve the ef ciency of the active setmethodsor SVMs were
alsosuggesteih Kaufman(1998).

The paperis organizedasfollows. In the next sectionwe introducethe dual active setmethod
for the soft-magin SVM problemand describethe details of solving the reducedQP problem.
In Section3 we will presentthe resultsof comparingour methodto SVM''9 on a selectionof
classi cation problemsfrom the UCI repository(Blake and Merz, 1998). In Section4 we will
focusonvariousimplementationailssueghatarisein theattemptto improve the performancef the
method.In Subsectiort.4 we apply our methodto the incrementakase.Section5 containssome
conclusions.
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2. Dual Active Set Method for SVMs

Any optimalsolutionto problemg1) or (2) mustsatisfythe Karush-Kuhn-Tucker (KKT) necessary
andsufcient optimality conditions:

1 as=0 i=1::n

2 (¢ a)x=0;, i=1:::;n
3 yTa:O;

4 Qa+by+s x= g

5 0 a ¢

6 s Ox O

Let usintroducesomenotation. A primal-dualsolution(a;b;s;x) is called dual basicfeasible
if it satis escondition1-5 of the KKT system but may violate condition6. For a givendualbasic

thefollowingway: 8i2 lps 0Oanda; = 0,8i21l.x; Oanda;=c¢ and8i2lss= x;= 0and
0< aj < ¢. ltiseasytoseethatlg[ Ic[ Is= 1 andlg\ Ic= I\ Is= Ig\ Is= 0. Wewill referto I
asthe primal active setandto lg[ | asthe dualactive set Letng = jlgj, np = jlgj andne = jlgj,

Basedon the partition (lg; I¢;1s) we de ne Qs (Qcs Qs Qces Qos: Qoo) asthe submatrixof Q
whosecolumnsarethe columnsof Q indexed by thesetls (I, Is, Ic, lo, lo) andwhoserows arethe
rowsof Qindexedby s (Is, I¢, I¢, s, 10). We alsode ne ys (Ye, Yo) andas (ac, ag) andthesulvectors
of y anda whoseentriesareindexed by I (I, lo). C¢ is the partof vectorc indexedby I andby e
we denoteavectorof all oneswhosesizeis determinedy the context.

To initiate the algorithmwe assumehatwe have a dual basicfeasiblesolutiona®; b; s%; x° and

startingpoint for the algorithm.
We know that8i 2 Ig aj = 0and8i 2 I. aj = ¢;. Thenif we x thevariablesin the dualactive

setthenour dualproblemreducego
. 1
ming, éa;stas+ CZchas eTaS
T T
st ysas=  Y.Ce
0 as c
Theoutlineof thealgorithmis thefollowing:

Step0 Givena®, b%, °, x0 nd initial Is, g andle.

SteplIf Is= 0, goto Step2, otherwise:
(i) Solwe
. 1
Mina, Ealesas+ C Quas € as 4)
T T
St Ys@s=  YcCet

If a nite solution,a, exists,thensetd = ai as, otherwisend d - anin nite descent
direction.
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(i) Fromthe currentiteratemale a stepalongdirectiond until for somei 2 Is a; = 0 or
aj = ¢ or until solutionis reacheda'gJrl is the new point.

(i) If for somei 2 Is, ak*t =0,

thenupdatels := Ignfig, lg:= Ig[ fig, k:= k+ 1 andgoto thebeginningof Step1.
(iv) If for somei 2 I, a1 = g,
thenupdatels := Ignfig, Ic := I¢[ fig, k:= k+ 1 andgoto thebeaginningof Step 1.

(v) If theoptimumis reachedn step(ii); thatis ak** = af, proceedo Step2.

Step2 Partition Ig into I andlj andpartitionlc into I, andl{

(i) Computes), thesubvectorof sindexedby I:
0= Qeas™ Yob+1l Qute
andx, thesubvectorof x indexedby I(:
X= Quas ™+ ycb 1+ Quce;
whereQp, andQy, (Qws andQy, ) arethesubmatrice®f Qos andQqc, respectiely, (Qcs
andQ, respectiely ) with rowsindex by Iy’ (I¢).
(i) Findip= amgminfs:i2lyg.
Findic = agminfx; :i21/g.
(i) Ifs, Oandx, Othenifly’6 lporls 6 Icthenletly := lpandl: := I; andgoto
Step2(i). Else,the currentsolutionis optimal, Exit.
If s, X, thenls:= Is[ fipgandlg:= Ignfipg.
Else,ls:= Is[ ficgandlc:= I¢nficg.
k:= k+ 1,goto Stepl.

We will now discussn detailstheimplementatiorof the stepsof the algorithm.

2.1 Solvingthe Quadratic Subproblem

Whenmatrix Qg is strictly positive de nite thenproblem(4) hasa unique nite solution. This
solutionsatis esthe KKT conditions:

Qssas+ Y;b = eT + CZchas
Yeds = CoYol
or, in matrixform,
|: ?$ y$]<as>:( e+TQSCCC). (5)
Ys O b CeYe

Sincewe areconsideringhe casewhen Qg is honsingularwe can nd b by takingthe Schur
complementf theabove system

(sQ<ly)b = v Q< e+ QuCe)  Cove:
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Considetthe Cholesly factorizationQss = LSLST anddenotelslysbyry andLs™Y( e+ C(T:ch)
by r,. Thenthesolutionto (5) is

T T
r I’2 C yc_ T .
b= 12 2% a=L (rib ry):

It is oftenthe case however, that Qg is not strictly positive de nite. This canevenoccurwhenan
RBF kernel(whichis strictly positive de nite for distinctdatapoints)is used,if the setls contains
indicesof two identicaldatapointswith differentlabels.

If, dueto singularity of Qss, system(5) is underdeterminedhis meansthat problem(4) has
an unboundedsolution. In this caseStepl(i) shouldproduceanin nite descendirectionfor (4).
A directiond is anin nite directionif it satis esQgd = 0 andy;d = 0. Dependingon the sign
of ( e+ ceTch)Td eitherd or d is chosemasthein nite descentirection. Variableb remains
unchangedn this case. We usethe approacHhor positive semide nite QP problemsdescribedn
Frangioni(1996)andKiwiel (1989).

We considerseveralcases.

Casel

Let Qs have only one zero eigervalue. Then, subjectto permutationand without loss of
generalityits Cholesk factorizationcanbewritten as

— LSo |—sT |s.
= [7 o]l 5]

wherelLg 2 R("s~Dx("s=1) gndLg 2 R~ 1. Thensystem(5) canbewritten as

|—s|—sT Lls Y1ine—1 A1n1 ( e+ QxCc)ine—1
Il |—sT I; ls Y ang = (et ?SCcC) Ns ;
Y1ine—1 Yne 0 b CeYe

where following Matlabnotation,y1n.—1 (@1n.—1, ( €+ QsxCc)1:n.—1) denotethe rst ns 1
elementf vectory (a, ( e+ cQx«€)) andyn, (an,, ( e+ QsCc)n,) denoteghelastcompo-
nentof this vector

Letrq = Ls’lylzns_l andr, = Lg7Y( e+ QxCc)1n,—1. By expressingain,.1 in the abore
systemthrougha, andb, andby consecutiely eliminatingan, we obtain

T T
( lsri+ yn)b=( e+ QxCc)n, Igra:
We now have two cases.

@ If I;rl 6 yn, thensystem(5) still hasa uniquesolution

( e+ QxCc)n, |;r2_

b = T
lsr1+ Yng
T T T
. CYetryra bryrg
an, = -
ryls+ Yng
.
as = Lg ( lsan,+rib ro):
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(b) If I;r1+ Yn, = Othensystem(5) is singular hencewe arelookingfor anin nite direction
d. ds= ((Ls‘lls)T; l)T is suchadirection. It canbeeasilyshavn thatQsds = 0 from
the form of the factorizationof Qs, andit canbe easilyshavn thaty;ds = 0 from the
factthatlgr1+ Yns = O.

Case?

Let usnow considetthecasevhenQg hasexactlytwo zeroeigemvalues. Then,aguinw.l.o.g.,
we canwrite its Cholesly factorizationas

Qs = |$ 00 O 0 0 |,
L oo)Jl o oo

wherelLs 2 Rs=2%"%=2 |+, 2 R™~2, The system(5) is always underdetermineéh this
casehenceanin nite directionalwaysexists. Thereare,again, two possiblecases.

(@) If I;rl 6 yn, thenthefollowing direction

1 lor
d=(Ls (Is, rls); 1r); wherer = ynslifll
Yo ls,l1
is anin nite direction. Qxd = 0 follows from the form of the Cholesly factorization
andde = Ois alsoeasilyshavn by substitution.

(b) If 15,71 = yn, then
d= (Ls 1;0; 1)

isanin nite direction. This casecanbeshavn similarly to Casel(b).

Case3

Finally, let us considerthe casewhen Qg hasmore thantwo zero eigervalues. First, we

obsene thatthis casecanonly happenin the early stageof the algorithm. Whenever Qg has
morethanonezeroeigervalue,thensystem(5) is underdeterminedndanin nite direction
is found during Step1(i). Hence,during Step1(ii) a boundaryis alwaysencounteredThis

meansthat the set s getsreducedby one elementand the numberof zero eigervaluesof

Qs may only decreaser remainthe same. Step 1 repeatsuntil Qg hasat mostone zero
eigemvalue. Hence,the only way that Qs may have morethantwo zeroeigemaluesis if a
startingsolutionwith suchQg matrixis givento thealgorithm.Suchcasearisesvhenawarm

startis usedto initiate the algorithm,asdescribedn Subsectiort.3, therefore we consider
thiscasehere.Letk> 2 bethenumberof zeroeigervaluesof Qg; asheforewe write, w.l.0.g.,
thefactorizationof Qg:

Ls 00 07[Ls Iy ls He
_|;looo 0O 0 0 0 |,
Q== l, 0 00 0 00 0|
Hs 0 0 O 0 0 0 0
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whereLs2 RsKxns=k | -], 2 R™ K andHs 2 R"sk*k=2, \We generatehein nite direction
for the rst ng k+ 2 variablesexactly asit is donein Case2 andwe do not changethelast
k 2 variables.During eachapplicationof Case3 of Step1 we reducels by oneelements
until Qs hasat mostl nonzeroeigervalue,andCase3 doesnot ariseagain for thatproblem.

2.2 Rank-oneUpdatesto Qg

Oneachiterationof thealgorithmthesetls candecreaséy oneelemenbnly and/orincreasdy one
elementonly. Hence from eachiterationto the next, Qs changesy anadditionand/ora deletion
of onerow andcolumn. Insteadof recomputinghe Cholesly factorizationeachtime, which would
requireO(nd) operationsit is moreef cient to keepthe Cholesly factorizationof Qs andupdateit
accordinglywhenarow anda columnareaddedto or deletedfrom Qs. Eachsuchupdaterequires
only O(n2) operations Theseupdatesanbefoundin GolubandVan Loan (1996),but we present
themherefor completeness.

Increasingls. Assumerst thatQg is nonsingulamand Qg = LSLST is its Cholesly factorization.
Letgs 2 R™™1 bethenew row (column)thatis addedio Q. Asidefrom possiblenumerical
issueswhich we discusdater, gs canbe addedasthelastrow andcolumnof Qg. Thenthe
Cholesly factorizationof the nev matrixis

Ls Lsfl(QS)lms )
2 T T -1 ’
0 (g Net1 (ds) 1ne Ls Ls *(ds)1ins

where(gs)1:n, arethe rst ng component®f the vectorgs and(ds)n.+1 is its lastcomponent.
It is easyto seethatobtainingthe new factorizationrequiresO(n2) operations.

If Qg is singular thenfrom the discussiorin Case3 of the previous subsectionit canonly
have onenonzeroeigervalue,sincels is increasedcandhenceStep2 wasperformed.In this
casewe permuteherows andcolumnsof Qg sothatthedependentolumnandrow areatthe
endof Qs andinsertedcolumnandrow areplacedin the onebeforelast positions. The the
lasttwo rows of Cholesky factorizatiormayneedto beupdatedn a similar mannetto above,
however the total work is still O(n2). In casewhen Qg is nonsingularbut nearlyso, it is
sometimesmportantfor numericalstability to usepivoting duringits Cholesly factorization
procedurg(Fine and Scheinbgy, 2001). In sucha caserefactorizationof severalrows of Lg
might be requiredevenif only onerow andcolumnareaddedio Qs. However, we did not
encountesuchsituationsn our computationaéxperiments.

Decreasingls. Whenlg is decreasetty oneelementthenarow anda columnareremoved from
Qs Which correspond$o removing a row from the Cholesly factorLs. If, say k-th row was
removed from Lg thenit is no longerlower triangular In factit is nearlylower triangular
exceptfor the elementsn positions(j; j+ 1) for j = k+ 1;:::;ns 1. To zeroout these
elementswe apply Givensrotations(Golub and Van Loan, 1996)to the new matrix Lg; in
otherwordswe multiply Ls ontheright by orthogonaimatricesof theform

[ 1 0 0 0]

0 0 c s O
0 0 s c O
0 0O 01
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Eachsuchmatrix multiplication takes O(ns) operationsandzerosout one off-diagonalele-
ments henceveneedO(ns k) suchmultiplications,whichresultsin thetotalwork of O(n2)
to updatethe Cholesly factorizationof Qss whenanelementss removedfrom l.

Remark 1 In Frangioni(1996)there are ef cient updatedor thevectosr; andr,, that we
introducedn Subsectio.1. Theserectosare resultsof badksolvesvith the Cholesk factors
of Qs andgivenright handsidevectos. In the caseof Frangioni (1996)theright handside
vectos remainthe samethroughoutthe algorithmand only the Cholesl factors change. In
our casethis is true only for ry but not for r,, which changesead time the setl. changes.
Thesaupdatescanalsoimprovetheefciency of thealgorithmwhenthesebadksolveshavea
noticeablecontribution to the overall workloadof the algorithms. Sincethis doesnot occur
veryfrequentlywe do not getinto further detailsin this paper

Remark 2 If ng is very large and is compaable to n then even storing and updatingthe
Cholesk factors of Qs becomeoo expensivecompaedto solvingthe entire problem. Our

methods not practical on suc problems.However, it is questionablevhethersud problems
shouldever be solved sincetheresultingclassi ersis mostlikely over tting the dataandits

genealization propertiesare expectedo beverypoor 3

Updating I Finally we discussatrivial but usefulupdatedo Qs:Cc, QocCe andQqcCc Whentheset
Ic is eitherincreasedr decreasethy oneelement.We maintainvector Q.c. throughoutthe
algorithm,whenindex i is addedto I thena ¢; multiple of thei-th columnof Q is addedto
QcCc. If index i isremovedfrom I, thensuchavectoris subtractedrom Qccc.

3. Comparison to SV M 'ght

In this sectionwe compareour implementationof the proposedalgorithm, which we call SVM-

QPR to SVM'9", SVM-QP currently is implementedin Fortran 77, althougha C++ versionis

underdevelopment.SVM-QPis anopensourcesoftwareandis availablefrom the www.coin-ororg

website. We useda high-endIBM RS/6000workstationin our experiments. We madethe same
amountof memoryavailableto both methods.Justasin SVM''9" the sparsityof the examplesis

exploited by SVM-QP duringthe kernelevaluations.Unlike SMO (Platt, 1999)thereis no special
handlingfor the caseof linearkernel.

We usedthefollowing datasetsin our experiments:

LetterG: The LetterImageRecognitiondatasetfrom the UCI Repository(Blake andMerz,
1998)- A large numberof black-and-whitecharacteimageswvererandomlydistortedto pro-
ducea le of 20,000uniquestimuli. Eachstimuluswascorvertedinto 16 primitive numerical
attributes(statisticalmomentsandedgecounts)which werethenscaledo t into a rangeof

integervaluesfrom 0 through15. We examinedperformancesn anarbitrarybinaryclassi -

cationproblemwhich wassetto separateheletter“G” from all the otherletters.

3. Seefor exampleCristianini and Shave-Taylor (2000), Theorem4.25, for the generalizatiorpower of compression
schemesandthediscussionight afterandin Chapter6.

2246



ACTIVE SET METHOD FOR SVMSs

OCR: USPS(United StatesPostalService)dataset of handwritten digits. This dataset
comprises/291trainingand2007testpatternsrepresenteds257 dimensionalectorswith
entriesbetween0 and255. TO(T9) standfor the binary classi cation problemin which the
tametis thedigit 0(9) vis. theall the otherdigits.

WebandAdult* : We usedthetasksthatwascompiledby Plattandavailablefrom the SMO
homepage

— Adult - Thegoalis to predictwhethera householchasanincomegreaterthan$50000.
After discretizatiorof thecontinuousattributes therearel23binaryfeatureswith 14
non-zerogperexample.

— Web - A text classi cation problemwith binary representatiofnasedon 300 keyword
features.This representatiofis extremelysparse.On the averagethereareonly 12
non-zerdeaturegperexample.

For bothproblemswe chosethetestcaseswith half of the overall availableexample.We did
soto enableto completemary computationatestsin a reasonablemountof time. We also
presenia tablewith the resultsof comparingonly the runtimeof SVM-QP andSVM! 9 on
thefull testsetsfor thesetwo problems.

Abalone: The Abalonedatasetfrom the UCI Repository(Blake and Merz, 1998). Since,
we were not interestedin evaluating generalizatiorperformancesye fed the training al-
gorithm with increasingsubsetaup to the whole set(of size 4177). The genderencoding
(male/female/irdnt)wasmappednto f (1,0,0),(0,1,0),(0,0,1) Thendatawasscaledo lie in
the[-1,1] interval.

Spam: This is anotherdatasetfrom the UCI Repository It wascreatedby M. Hopkins, E.
ReeberG. FormanandJ. Suermondbf Hewlett-PackardLabs. It contains4601examplesof
emailsroughly39%of which areclassi edasspam.Thereare57 attributesfor eachexample,
mostof which represenhow frequentlycertainwordsor charactersppeain the email.

For eachdatasetwe useda selectionof kernelsandparameterso demonstratéow the perfor
manceof the methodss affectedby ng - the numberof supportvectorsat the mamgin, andn, - the
numberof supportvectorsatthe upperbound.For the samereasornwe usevariousvaluesof C. We
useRBF kernelwith parametes. We alsousethelinearkernelfor a LetterG andSpamproblems
and polynomial kernelof degree5 for the Abalonedataset. In the tablesof resultswe indicate
thekernelandthe valueof C in the nameof the testcase.For instancewveb_100.10 standgor the
web datasetwith parametes = 100andC = 10. Nameletter _lin 100 standgor the LetterG set
with linearkernelandC = 100, nally abalonep5_100standgor the Abalonesetwith polynomial
kernelof degree5 andC = 100.

We provide two columnsof CPUtimesfor SVM''9, The rst one,SVM!'9", containghetime
of therunswith defaultaccurag 10°3. Theseconct:olumn,SVM'eIght containghe CPUtime of the
runswith the accurag setto 10~ which is the accurag of SVM-QP. Both algorithmsapply the
accurag toleranceo theconstraints Qa+ by+s x= e Speci cally, SVM-QPappliesagiven
tolerancee on Step 2(iii) of thealgorithm(seeSection2) to determindf s, eandx;, e

4. Original datasetis from the UCI Repository(Blake andMerz, 1998).
5. http://www.research.microsoft.coiplatt/smo.html
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Name n k | ne | no | svMmigt [ symi9™ | sym-Qp
web 100100 | 24692 300| 980 | 453 | 380 918 65
weh 40.10 24692| 300 | 1037 | 568 | 241 377 68
weh 40.100 24692| 300 | 1214| 313 | 368 685 84
weh 10010 24692| 300 | 679 | 835 | 203 358 40
letter 100.100 | 20000| 16 | 241 | 39 19 26 3
letter 40_1 20000| 16 | 250 | 266 6 7 5
letter 40 100 | 20000| 16 | 346 | 8 11 16 4
letter 10010 | 20000| 16 | 193 | 146 10 15 4
letter 40_10 20000| 16 | 320 | 57 8 10 4
letterlin_100 | 20000| 16 | 17 | 1056| 1052 1190 35
0cr9256100 | 7291 | 256 | 378 | 0 13 13 5
0cr0256100 | 7291 | 256 | 309 | O 8 9 4
abalone4 100 | 4177 | 10 | 64 | 1863| 135 198 5
abalonep5.100 | 4177 | 10 | 304 | 1520 - - 22
spam300.100 | 4601 | 57 | 1417 | 181 90 - 64
spamlin 100 | 4601 | 57 | 58 | 822 - - 11
adult100.1 16100| 123 | 97 | 5996| 153 154 81
adult100100 | 16100| 123 | 871 | 4823| 515 856 175
adult200.1 16100| 123 | 168 | 5785| 159 152 85
adult200.100 | 16100| 123 | 483 | 5219| 332 447 140
adult50.10 16100| 123 | 615 | 5143| 207 243 120

Table1: Performanceomparisorof SVM-QPandSVM'i9,

We choseCPU time (in secondspsthe mostreasonabl@erformancemeasuran our setting.
The“-” in thetableindicatesthefailure of SVM'9" onthatproblem.

Tablel containstheresultsfor the testproblemsthatwe examinein this paper As we cansee,
SVM-QPis fasterthaneventhe lower accurag SVM''9" on all of the problems.It is fasterby at
leastafactorof 2 onalmostall of the problemsandby afactorof 5 or moreon afew problems.

In Table2 we presenthe comparisorof SVM-QP andSVM'!9" on the full testsetsfor adult
andweb. Theseresultswereobtainedoy HansMittleman,at Arizona StateUniversityusinga high-
endUnix workstation. The “*” in the lastcolumnof the lastrow indicatesthat SVM-QP ran out
of memory sinceit wastrying to storeanns ng matrix, with ng 10000. The stoppingtolerance
wassetto be 10~ for both codes put it is interestingto notethatthe resultingsupportvectorsets
differedsigni cantly. For example,the numberof active supportvectorsfor web_10_100reported
by SVM-QP was 3446, while the samenumberreportedby SVM'9" was4025. This discrepang
is dueto thefactthat SVM'"9" convergesto the optimal active setasymptoticallywhile SVM-QP
stepsfrom onefeasibleactive setto anothelin an“exact” manneruntil the optimalis found.

4. Implementation | ssues

Now we will discusssomeimplementatiorchoices.
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Name n k | ne ne | SVMI9™ | svM-QP
weh 1000100 | 49749 300 | 297 | 1702 | 694 92
weh 100100 | 49749| 300 | 1404 | 905 | 3581 174
weh 10,100 | 49749| 300 | 3446 | 527 | 1354 715
adult1000100 | 32561 | 123 | 143 | 11361 937 278
adult100.100 | 32561| 123 | 1317 | 9879 | 5685 460
adult10.100 | 32561| 123 9959 | 3200 | 14466 *

Table2: Performanceomparisorof SVM-QPandSVM' 9" on large datasets.

4.1 Selectingthe Incoming Elementof I

In this subsectiorwe discusshe implementatiorof Step2(i). First of all we notethatthe compu-
tationalcostof Step2(i) depend®n whetherthe kernelvaluesareavailablein the memoryor have
to be computed We needO(jlj(jlg + jI5j)) kernelvaluesat eachiterationwhenStep2 is invoked.
Speci cally we needtheelement®f matrix Q whosecolumnindicesarein | s andwhoserow indices
arein 1, andly.

We notethatwe alwaysstoretheng ng matrix Q. This canbe a problemswhenng is large.
Our algorithm requiresstorageof the Cholesly factor of Qs, henceevenif we do not store Qg
itself, the storagerequirementanbe reducedat mostby half. In our experimentshe size of Qg
andits Cholesly factorwasreasonableFor extremelylarge problemsa differentimplementation
may be necessaryhich solvesthelinearsystemin Stepl by aniterative solver.

To reducethe computationatostit is bestto be ableto storethe entire Qs matrix (thatis the
submatrixof Q whosecolumnindicesarein |g). In somecaseghis mightbeprohibitively expensve
in termsof memory In ourexperimentsve wereableto storeQs in thespacenotexceedingdO0MB.
At theendof this subsectiorwe will discusshememorysaving versionof our code.

Let usassumdor now thatmatrix Qg is available. We will considervariouswaysof reducing
the numberof elementsin 1; and|; at eachrepetitionof Step2(i). One simpleway to achieve
this is to computethe elementsof s, and x; until a negative elementis encounteredhence,not
looking for the maximumviolation, but for ary violation. This may reducethe periterationtime,
but greatlyincreaseshe numberof iterations,ashasbeenshovn by the extensive practiceof the
Simplex methodin linear programmingVanderbei2001). We will demonstratéhisin the section
on the incrementaimode,sincethe incrementaimodelacksthe ability to “look ahead’andselect
the maximumviolated constraint. We concludethatit is importantto selectthe mostnegative or
nearlythe mostnegative elementf s, andx; during Step2.

We usethefollowing conceptscommonin LP literature. Theprimal slackandsurplusvariables
s andx; arethereducedcostsof theassociatedualvariableaj, whosevalueis currentlyatabound.
Computingthevaluesof thereducecdcosts(recallthatfor eachi only oneof thereducedcostsis not
equalto zero)is called pricing of the appropriatedual variable. Henceit is importantto price all
variableswith indicesin |y’ andl.’ andmaintainthesesetsin sucha way thatthey containindices
of substantiallynegative reduceccosts.

The efciency of the large-scaleSVM training relies heavily on the fact that at the optimal
solutionthe cardinalityof I is oftenmuchsmallerthanthetotalnumberof datapointsn. Hence the
cardinalitiesof Ig and,possibly | areexpectedo belargein comparisorto ls. If in Step2(i) 1’ and
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Ic" arelarge, while I is not very small, thenthe compleity of this step,whichis O(jlsj(jlgj + jI4))
mightbecomeoo high.

Let usassumdor a momentthatwe know someof the indicesthat at optimality belongto I
andlo. Thenwe canplacetheseindicesin Ij andl{ at the beginning of eachStep2. This can
resultin substantiabavingsin the run time, sinceStep2(i) requiresO(jlj(jlgj + j1¢)) operations
andjlgj = jloj jlo”j andjlfj = jlgj jlc"j. Whenall the reducedcostsof variableswhoseindices
arein lg’ andl.’ arenonn@ative, thensoarethereducedostsof variablesvhoseindicesarein 1y”
andl.”, dueto our assumptioraboutthesetwo subsets.

Naturally we usually do not know which indiceswill bein lIg andl; at optimality, however,
to reducethe workloadat eachiterationwe try to guesswhich indicesarethe mostlikely onesto
endup in lg andl; at optimality. We placesuchindicesin Io” andl.” sets,respectiely. If we
guesswell, thenafterall thereducectostsfor Io’ andl,’ becomenonneative, hopefully only afew
reducectostsfor Io” andl;” arenegative. Herewe seeatrade-of: if we selectly” andl.” toosmall,
thenthe computationabkaving is insigni cant, andif we selectly” andl.” too large, thensomeof
large negative reducedcostsmight be missedandthe overall numberof iterationsmight increase.
Moreover, onceall thedualvariableswith indicesin 1o’ andl.’ arepriced,thenwe have to priceall
variableswith indicesin 1" andl.”, which arelarge. Soit is importantto choosdy” andl.” in such
away thatpricing thevariablesin Io” andl.” doesnot occurtoo mary times.

We will describetwo possiblestratgiesfor maintainingsetsly’, I/, 1o” andl.”. Onestratay
is very simpleandis called shrinkingin SVM literature (Joachims,1999). At eachiterationan
index is placedin lp” or 1" if its appropriateeducedccostremainechonnaative for agivennumber
of consecutie iterations(say 100). Accordingto this stratgy the setsly’ andl’ arelarge during
the earlieriterationsandbecomegraduallysmallerduring the courseof the algorithm. This nicely
correlatewith thefactthatthesizeof I is very smallin theearlieriterationsls getsgraduallylarger
during the courseof the algorithm. It is often the casethat maximumof jlgj(jljj + jl¢j) over all
iterationis 3 or 4 timessmallerthanmaxj Isjg  max (jlgj + j1¢j)g. At theendonestill hasto price
all thedualvariablesfor 1" andl.”, but only afew of suchiterationsareusuallyneeded.

The secondstratayy is calledsprintin Linear Programminditeratureand wasintroducedby
Forrest(1989). Sprint(sometimeslsocalledsifting) hasbeenprovento bevery effectivein practice
for problemghatcontainlargenumberof inactive constraint§seeBixby etal., 1992).Following the
sprintstratgy we selecta relatively small subsebf dualvariableswith the smallest(includingthe
mostnegative) reducedcostsandwe form ¢’ andl.’ from theindicesof thosevariables.Oncethe
problemswassolvedfor lg’ andl:’ theremainingconstraintarepricedagain andthe next relatively
small setsof candidatesre selected.Pricing all remainingvariablesand choosingthe next small
subsetis calleda majoriteration Accordingto this stratgy |y’ andl.’ arealwayskeptsmall, but
thesetsly” andl.” have to beconsideredegularly throughouthealgorithm. As long astheratio of
majoriterationsto the numberof “cheap”iterationsis small,theimplementatiorwill beef cient.

Table3 below shavs thatsprint outperformsshrinkingin mostcasesespeciallyon larger, more
dif cult problems.

4.2 Memory Saving Version

We now discussthe memorysaving version. SVM''9 hasan elegant schemewherethe kernel
valuesarestoredin cacheaccordingo their mostrecentusage.The sizeof the cacheis dictatedby
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Name n k Ng ne | SVM-QPgy | SVM-QP
web 100.100 24692 | 300 | 980 | 453 537 65
web 40.10 24692 | 300 | 1037 | 568 281 68
web 40.100 24692 | 300 | 1214 | 313 416 84
web 10010 24692 | 300 | 679 | 835 124 40
letter 100.100 | 20000| 16 | 241 | 39 6 3
letter 40_1 20000| 16 | 250 | 266 6 5
letter40 100 | 20000| 16 | 346 8 7 4
letter 100.10 20000| 16 | 193 | 146 6 4
letter 40.10 20000| 16 | 320 | 57 7 4
letter lin_100 20000| 16 | 17 | 1056 20 35
0cr9.256.100 7291 | 256 | 378 0 7 5
ocr0.256.100 7291 | 256 | 309 0 6 4
abalone4.100 | 4177 | 10 | 64 | 1863 4 5
abalonep5.100 | 4177 | 10 | 304 | 1520 31 22
spam300.100 | 4601 | 57 | 1417 | 181 80 64
spamlin_100 4601 | 57 | 58 | 822 15 11
adult100.1 16100| 123 | 97 | 5996 89 81
adult100100 | 16100| 123 | 871 | 4823 253 175
adult 2001 16100| 123 | 168 | 5785 95 85
adult200.100 | 16100| 123 | 483 | 5219 107 140
adult50.10 16100| 123 | 615 | 5143 120 120

Table3: Sprintvs. Shrinking.
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Name n k Ng Ne SVM-QP | SVM-QPrem SVM',}%.“%
weh 100.100 24692 | 300 | 980 | 453 65 428 1097
weh 40.10 24692 | 300 | 1037 | 568 68 447 553
weh 40.100 24692| 300 | 1214 | 313 84 524 1201
weh.100.10 24692 | 300 | 679 | 835 40 230 348
letter 100100 | 20000| 16 | 241 | 39 3 14 26
letter40_1 20000| 16 | 250 | 266 5 17 9
letter40_100 | 20000| 16 | 346 8 4 17 15
letter. 100.10 20000| 16 | 193 | 146 4 14 14
letter40.10 20000| 16 | 320 | 57 4 20 11
letterlin_100 20000| 16 17 | 1056 35 72 1052
0cr9.256.100 7291 | 256 | 378 0 5 24 13
ocr0.256.100 7291 | 256 | 309 0 4 13 9
abalone4.100 | 4177 | 10 | 64 | 1863 5 13 78
abalonep5.100 | 4177 | 10 | 304 | 1520 22 44 -
adult100.1 16100| 123 | 97 | 5996 81 171 228
adult100.100 | 16100| 123 | 871 | 4823 175 624 1541
adult200.1 16100| 123 | 168 | 5785 85 174 253
adult200.100 | 16100| 123 | 483 | 5219 140 173 1360
adult50.10 16100| 123 | 615 | 5143 120 355 593

Table4: Comparisorfor memorysaving mode.

theuser In the experimentdiscussedbove we allowedthe sizeof the cacheto be 500MB, which
is atleastasmuchmemoryaswasusedby SVM-QP

We did not implementsuchsophisticatednemoryhandlingmechanismin our code. Luckily
sprint provides a naturalsettingfor a memorysaving mode. Insteadof storingthe whole Qs we
only storethe elementf Q whosecolumnsarein Is andwhoserows arein Is[ I5[ I¢. Thesize
of I3[ 1 canberegulatedaccordingto the available storagespace.At eachmajoriterationall the
elementof Qs whoserow indicesarein 1 [ I have to berecomputedThis canbe a costly step.
To furthertry to reducethe computationatostof thatstep,we apply shrinkingto 15[ I]. Thatis,
if duringa few consecutie major iterationsa certainreducedcostremainednonngative thenthe
appropriatevariableis removedfrom 1§ [ 1 andis ignoreduntil the laterstageof thealgorithm.In
Table4 belov we presenpbur results.We chosethessizeof || andl; to be 50 each this way thetotal
storagefor the elementof Qs (including Q) did notexceed20MB. We compareour CPUtime to
thatof SVM'9" with 20MB of cachdimit. We alsolist the CPUtimesfor theversionof SVM-QP
thatstoreshefull Qs, to demonstratéhetrade-of betweerthe CPUtime andmemoryrequirement.

4.3 Warm Start

Oneof the signi cant adwvantage®f the active setmethodsover the interior point methodsis that
theformercanbene t very well from warmstarts.For instancejf someadditionallabeledtraining
databecomeavailable,theold optimalsolutionis usedasa startingpointfor theactive setalgorithm
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andthe new optimalsolutionis typically obtainedwithin afew iterations.This will be exploredin
moredetailin the subsectioron theincrementamodeof our algorithm.

Another situationwherewarm startarises,is when one wantsto explore the path of optimal
solutionsfor variousvaluesof penaltyparamete€. In Hastieetal. (2004)thewhole solutionpath
iS generatedisingan active setmethodsimilar to ours. Theresomedifferencesetweerthe two
methodshowever. The methodin Hastieet al. (2004)is a parametricactive setmethod,whichin
practiceis usuallyslower thana purely primal or dual active setmethod,suchasours. Also their
methodrequireghatateachiterationanoptimalsolutionof a parametrigroblemis available,hence
theredoesnot seemto be ary possibility to usesprint or shrinking It remainsto be seerwhether
a goodimplementatiorof the algorithmin Hastieet al. (2004) canmatchthe performanceof our
algorithm.

Our algorithmis not suitabledirectly for generatinghe entire parametricpath, but usingthe
warmstartsonecaneasilyuseit to generatesolutionsfor a selectionof thevaluesof paramete€.

Thewarmstartscanalsobe usedwhenonewantsto explore differentvaluesof kernelparame-
ters,but the ef ciency of suchapplicationneedsa separateomputationastudy

Herewe investigatethe useof warmstartto increasaheef ciency of thealgorithmitself. It has
beennoticed(see for example FineandScheinbeg, 2001)thatfor mary SVM problemshematrix
Q haseigervaluesdecayingto zero. It wassuggestedn Fine and Scheinbey (2001)to usea low
rank approximationof Q andsolve the approximateproblemwith an interior point methodusing
productform Cholesly factorizationsyhich bene t from thelow rankof Q. Suchapproximations,
however, are not always very accurate. The ideawe explore hereis to usethe solution of the
approximateproblemto warm startthe active setmethod.

If k is the rank of the approximatiorof Q, thenperiterationcompleity of the IPM is O(nk?).
Thereis atrade-of in choosingheright valuefor k: if kis choserto betoolarge,thenthelPM will
notbeef cient andif kistoosmallthenthesolutionproducedy thelPM is toofarfrom theoptimal
solutionof thetrue problem.We chosek = 50, whichis reasonablgmallto make the IPM partfast
andsufciently largeto hopefor a goodwarm start. Theresultsin Table5 arenot asdramaticas
onemight hope. Often the active setmethoditself is sofastthatit outperformshe IPM even for
k = 50, for instanceon letter x_x problems.In othercaseghe approximationrdoesnot producea
goodenoughwarmstart. TherealsocasesvhereQ itself hasverylow rankand,hencetheproblem
canbe solvedto optimality just by the IPM; seeletter lin 100 for instance.Thereare examples
however, wherethe combinedmethodachieresbettertiming resultsthaneithermethod whenused
separatelyThis seemto happerfor the problemswith relatively largel. sets,suchastheadult x_x
problems.We have to notethatwe areusinga rathercrudeimplementatiorof the IPM for SVM.
Onemightachieve betterresultswith amoreef cient implementatiorof anIPM.

4.4 IncrementalMode

Incrementamodeis usedwhenthetraining datais availableonepoint (or a few points)atatime.
Our algorithm appliesnaturally and almostwithout changeto the incrementalmode. Whenerer
moredatapointsbecomeavailable,theirindicesgetplacedn setlg, thenStep2(i) is appliedto price
the correspondingariables andif a negative reducedcostis found,thenthealgorithmproceedsn
theusualmanner The only differencewith the batchcase(whenall datais availableat once)is that
thepricingis Step2(i) cannotbe appliedto the datathatis not availableyet. Hence the constraints
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Name n k Ns ne | SVM-QP, | SVM-QP
webh 100.100 24692 | 300 | 980 | 453 113 65
wehb 40.10 24692 | 300 | 1037 | 568 112 68
weh 40.100 24692 | 300 | 1214 | 313 142 84
weh 10010 24692 | 300 | 679 | 835 82 40
letter 100.100 | 20000| 16 | 241 | 39 36 3
letter 40_1 20000| 16 | 250 | 266 38 5
letter40 100 | 20000| 16 | 346 8 49 4
letter 100.10 20000| 16 | 193 | 146 33 4
letter 40.10 20000| 16 | 320 | 57 44 4
letter lin_100 20000| 16 | 17 | 1056 7 35
0cr9.256.100 7291 | 256 | 378 0 21 5
ocr0.256.100 7291 | 256 | 309 0 15 4
abalone4 100 | 4177 | 10 | 64 | 1863 5 5
abalonep5.100 | 4177 | 10 | 304 | 1520 10 22
spam300.100 | 4601 | 58 | 1417 | 181 40 64
spamlin_100 4601 | 58 | 58 | 822 9 11
adult100.1 16100| 123 | 97 | 5996 66 81
adult100100 | 16100| 123 | 871 | 4823 125 175
adult200.1 16100| 123 | 168 | 5785 68 85
adult200.100 | 16100| 123 | 483 | 5219 92 140
adult50.10 16100| 123 | 615 | 5143 95 120

Table5: WarmstartingSVM-QP by anIPM.
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Name n k Ns ne | SVM-QP | SVM-QPR¢
web.100.100 24692 | 300 | 980 | 453 65 1388
web.40.10 24692 | 300 | 1037 | 568 68 1017
web.40.100 24692| 300 | 1214 | 313 84 1190
webh.100.10 24692| 300 | 679 | 835 40 1101
letter 100100 | 20000| 16 | 241 | 39 3 24
letter40_1 20000| 16 | 250 | 266 5 37
letter40_100 | 20000| 16 | 346 8 4 34
letter.100.10 20000| 16 | 193 | 146 4 24
letter 4010 20000| 16 | 320 | 57 4 39
letterlin_100 20000| 16 17 | 1056 35 43
0cr9.256.100 7291 | 256 | 378 0 5 27
ocr0.256.100 7291 | 256 | 309 0 4 16
abalone4.100 | 4177 | 10 | 64 | 1863 5 13
abalonep5.100 | 4177 | 10 | 304 | 1520 22 137
spam300.100 | 4601 | 58 | 1417| 181 64 414
spamlin_100 4601 | 58 | 58 | 822 11 647
adult100.1 16100| 123 | 97 | 5996 81 372
adult100.100 | 16100| 123 | 871 | 4823 175 5882
adult200.1 16100| 123 | 168 | 5785 85 330
adult200.100 | 16100| 123 | 483 | 5219 140 1819
adult50.10 16100| 123 | 615 | 5143 120 2274

Table6: Incrementaimode.

with sufciently negative reducedcostsare not included,until their datapoints are addedto the
problem.As we shaov in Table®6, thisresultsin adramaticincreaseof CPUtime.

Notice, thatthe sifting doesnot make sensen theincrementamode,sinceit selectghesetsly’
andl.’ basednthe entiredataset. However, shrinkingcanbe easilyapplied,sinceits selectionof
lo’ andl¢ is only basedn the pastbehaior of eachindividual constraint.

5. Concluding Remarks

Traditional active setmethodsfor corvex QPswere consideredmpracticalfor large-scaleSVM
problems. However, they have theoreticalappealfor mary reasons.In this paperwe studiedin
detailsanactive setmethodSVM andshow thatanef cient implementatiorcanoutperformother
state-of-the-ar6VM software.

Furturedirectionof thiswork liesin amorecomprehensie theoreticalinalysisof the behaior
andcompleity of themethodfor SVM problems.
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